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ABSTRACT

The central topic of this thesis is the study of codes and designs in several
association schemes related to the generalised symmetric group. We investi-
gate the conjugacy class scheme of the generalised symmetric group (which
includes Coxeter groups and the symmetry groups of regular polytopes) and
the perfect matching association scheme.

In the conjugacy class scheme, we find that groups that are transitive on
coloured numbers or regular polytopes are designs, and in the perfect match-
ing association scheme, we find that 1-factorisations and hyperfactorisations
are examples of designs. We generalise these notions and set them in the con-
text of association schemes, unifying and vastly generalising existing results.
This allows us to derive divisibility conditions on the parameters and new
existence and non-existence results.

In both schemes, we develop a characterisation of the subsets of interest as
Delsarte designs. Our methods use representation and character theory, espe-
cially the decomposition of permutation characters. Using our characterisation
of designs, we prove generalisations of the celebrated Livingstone-Wagner
theorem about t-homogeneity in the symmetric group. We also give construc-
tions and an application of our results to the famous open problem of the
existence of a finite projective plane whose order is not a prime power.
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ZUSAMMENFASSUNG

Das zentrale Thema dieser Dissertation ist die Erforschung von Codes und
Designs in verschiedenen Assoziationsschemata, die zur verallgemeinerten
symmetrischen Gruppe gehoren. Wir untersuchen das Konjugationsklassen-
schema der verallgemeinerten symmetrischen Gruppe (Spezialfdlle davon
sind Coxetergruppen und die Symmetriegruppen regulédrer Polytope) und das
Assoziationsschema der perfekten Matchings.

Im Konjugationsklassenschema zeigen wir, dass Gruppen, die transitiv
auf gefdarbten Zahlen oder reguldren Polytopen operieren, Designs sind,
und im Assoziationsschema der perfekten Matchings zeigen wir, dass 1-
Faktorisierungen und Hyperfaktorisierungen Beispiele fiir Designs sind. Wir
verallgemeinern diese Strukturen und ordnen sie in die Theorie der Assozia-
tionsschemata ein, wodurch wir bereits existierende Resultate vereinen und
deutlich verallgemeinern. Dadurch konnen wir Teilbarkeitsbedingungen an
die Parameter sowie neue Existenz- und Nichtexistenzresultate herleiten.

In beiden Assoziationsschemata entwickeln wir eine Charakterisierung der
untersuchten Teilmengen als Delsarte-Designs. Wir verwenden Darstellungs-
und Charaktertheorie, insbesondere die Zerlegung von Permutationscharak-
teren. Mit Hilfe unserer Charakterisierung der Teilmengen als Designs be-
weisen wir Verallgemeinerungen des Livingstone-Wagner-Theorems tiber
t-Homogenitat in der symmetrischen Gruppe. Auflerdem geben wir explizite
Konstruktionen an und wenden unsere Ergebnisse auf das bekannte ungeloste
Problem der Existenz einer endlichen projektiven Ebene, deren Ordnung keine
Primzahlpotenz ist, an.
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INTRODUCTION

In this thesis, we study codes and designs in various association schemes.
The connecting element between them is the hyperoctahedral group C31S,,. We
show how group actions and methods from representation theory and finite
geometry work together to produce results about codes and designs. The
designs that we investigate will turn out to have a connection to transitive
group actions and factorisations of graphs using perfect matchings.

In general, one can think of a ‘code” in an association scheme as a set of
elements that are in a certain sense ‘far apart’. One of the most important
applications is the theory of error-correcting codes: How can messages be
encoded so that they can still be decoded correctly even if errors are introduced
during transmission? Here, we want the messages to be far apart (in some
kind of metric) so that a few errors cannot turn an element of a code into
another one. This is the foundation of all of our modern forms of digital
communication, including messaging, streaming of videos and file sharing.

On the other hand, a ‘design’ in an association scheme can be thought of
as a subset that ‘approximates’ the whole set. This can often be phrased in
terms of properties like ‘a constant number of occurrences’ or “evenly covering
a certain set of objects’. A classical example is given by the Fano plane (see
Figure 1.1).

Figure 1.1: The Fano plane

It is a collection of seven subsets of the numbers 1 to 7, each containing
exactly 3 elements. Every pair of distinct numbers is contained in a constant



INTRODUCTION

number of subsets (in fact, for the Fano plane it is precisely 1 subset). This
property of a constant number of occurrences is clearly fulfilled by the set of
all subsets of size 3. However, as the Fano plane shows, it is possible to use
less. In that sense, a design approximates the whole set: The 7 subsets of size 3
cover all 21 (unordered) pairs of distinct elements evenly, just like the whole
set of subsets of size 3 does.

Let us give a formal definition of block designs.

Definition 1.1.1. Let t,v,k € IN with t < k < v and let X be a finite set with
|X| = v. A set D of subsets of X is called a t-(v,k, A) (block) design (or t-design
for short) if every subset B € D has precisely k elements and for every subset
T < X of size t there are precisely A > 0 subsets B € D such that T < B. The
subsets B € D are called blocks.

Notice that this definition is in spirit with our intuition that a design in an
association scheme represents an ‘even covering’. The blocks of a t-(v,k, A)
design cover every subset of size t constantly often. Note that this definition
does not allow repeated blocks. We could allow this and then call block designs
without repeated blocks simple designs. We will later see that block designs
can be interpreted in terms of association schemes.

Block designs with parameters 2-(v, 3, 1) are called Steiner triple systems. The
Fano plane from Figure 1.1 is such a Steiner triple system. They are named
after Jakob Steiner who introduced them in 1853 [59]. He proved necessary
conditions on the parameter v such that a Steiner triple system can exist
and asked whether these conditions are also sufficient. However, Thomas
Kirkman had already solved the problem in 1847 [34], showing that Steiner
triple systems exist for all v with v = 1 or 3 mod 6. Thus, it seems that Steiner
was unaware of Kirkman's results. As Steiner’s paper received more attention
from the mathematical community, the triple systems were named after him.
Nowadays, the term Steiner system refers more generally to any t-design with
A=1

The theory of block designs has applications in the theory of design of
experiments in statistics (see for example [2]). Roughly speaking, this is about
how to conduct statistical experiments in order to establish desired properties
like validity and reliability. Sample applications are comparing different kinds
of medicine, or software testing where every combination of inputs has to be
checked.

The theory of design of statistical experiments has given rise to the theory
of association schemes (see [2, Chapter 13] for a short historic overview). As-
sociation schemes have proven themselves to be a useful tool in many areas
of algebraic combinatorics. They can be thought of as a framework to phrase
all of the different instances of codes and designs that we talk about in this
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introduction in a common language and they provide powerful techniques to
investigate them.

These techniques are largely due to Philippe Delsarte. In his seminal the-
sis [19], he investigated the Hamming scheme and the Johnson scheme, showing
that they provide a unifying framework to study error-correcting codes and
block designs. This demonstrated the strength and significance of association
schemes in combinatorics. He generalised these notions of codes and designs
to so called D-cliques and T-designs and provided a rich theory to study them.
Motivated by the classical examples of error-correcting codes (in the Ham-
ming scheme) and combinatorial block designs (in the Johnson scheme), the
concepts of ‘codes” and ‘designs” have since been investigated in many other
contexts.

The definition of a T-design in an association scheme is purely algebraic.
For a subset Y, one can compute a sequence of non-negative numbers called
the dual distribution. Then, a subset Y is a T-design if its dual distribution
has zeroes in certain places that are specified by T. Precise definitions and
examples are given in Section 3.2.

In general, the definition of T-designs raises the following questions.

(1) If Y is a T-design in an association scheme, then what are its combinato-
rial properties?

(2) If Y is a set with a "nice” combinatorial property, is it a T-design in some
association scheme?

While the definition of a T-design is not inherently combinatorial, it gives
rise to structures with interesting combinatorial properties in a vast number of
situations. See for example [47, Section 8] for some commutative schemes, [58]
for classical schemes and [20] for an approach to understanding T-designs
using the idea of ‘covering’ in semilattices. This motivates the first question.
On the other hand, being able to phrase an existing problem in the language
of association schemes can give new insights and give rise to new techniques
to study the problem, motivating the second question.

In particular, the interpretation of a combinatorial problem in terms of
T-designs is very helpful when one wants to compare designs. That is, if we
have a combinatorial property A and a combinatorial property B, we can
ask whether every subset with property A also has property B. It turns out
that while this question can be hard to answer directly, it can become easy to
answer once we can phrase the combinatorial properties in the language of
T-designs. We will see examples of this in Sections 5.5 and 6.3.

In this thesis, we answer these questions for some association schemes
connected to the hyperoctahedral group. We investigate the conjugacy class
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scheme of the wreath product G S, (which includes the group C;1S;, the
generalised symmetric group) and the perfect matching association scheme and study
their codes and designs. Both are connected to well-studied and important
objects.

DESIGNS IN THE GENERALISED SYMMETRIC GROUP

Codes and designs in the symmetric group have been studied extensively.
Permutation codes are a special case of codes in the association scheme of the
symmetric group and they have many practical applications, for example in
powerline communication [15]. On the other hand, transitive subgroups are a
special case of designs in the symmetric group and the concept of transitive
group actions has ubiquitous applications, both mathematical and practical.

In [46], Martin and Sagan define a new notion of transitivity for subsets of
permutations of the symmetric group. They show that subsets with such a
transitivity property are designs in the conjugacy class scheme of the symmet-
ric group. As the symmetric group is a Coxeter group of type A;, they ask
whether similar results hold for the Coxeter group of type B, which is the
hyperoctahedral group Cy 1 S,. We answer this question affirmatively by inves-
tigating designs in the conjugacy class scheme of the wreath product G S,
where G is a finite abelian group. The case G = C; gives the hyperoctahedral
group. We also give an application of our results to the long-standing and still
unproven prime power conjecture for finite projective planes.

For n € N and the cyclic group C, of order r, the group C,? S, is called the
generalised symmetric group. It can be thought of as permutations of n objects
(that are permuted by S;) where additionally each object has one of r different
colours that are permuted by the group C,. We give will a more detailed
description of this group later. For now, we will focus on the case G = C; and
give a visual intuition of what designs in this group look like.

The group C;1 S, is the symmetry group of a hypercube, i.e. a higher-
dimensional analogue of the classical 3-dimensional cube. Equivalently, as the
cube is dual to the octahedron, it is also the symmetry group of a hyperoctahe-
dron. Hence, it is also called the hyperoctahedral group.

The group C; ! S3 is the symmetry group of the classical 3-dimensional cube
which has 6 faces, 12 edges and 8 vertices. We have |C; ! S3| = 48, that is a
cube has precisely 48 symmetries. They are compositions of rotations and
reflections. Furthermore, out of these 48 symmetries, precisely 24 are rotations
and they form the rotation group of the cube.

In order to give an example of a design, we will think about how the
symmetry group of the cube acts on its substructures like faces and vertices.
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The rotations of the cube induce permutations of its 6 faces. It is clear that the
rotations act transitively on the faces of the cube as anyone who has played
board games involving dice knows — by rotating a die, one can make any
number on the die move to any side of the die. Thus, it follows that the
rotations act very ‘evenly” on the cube: Given any two (not necessarily distinct)
faces of the cube, there is a constant number of rotations that move the first
face to the second. This constant does not depend on the specific choice of
the faces. It is the size of a stabiliser of a face and all of them have the same
size. In our example, this constant is 4 as there are 4 rotations stabilising a
given face (the constant would be 8 if we considered the full symmetry group
C21 S3).

However, we can do better: There is a group G consisting of 6 rotations of
the cube that also acts transitively on the faces. Here, for any pair of faces,
exactly one of the 6 rotations maps the first face to the second. This group of
rotations is isomorphic to Sz and its generators are given in Figure 1.2. The
first rotation fixes two opposite vertices and has order 3. The second rotation
fixes the midpoints of two opposite edges and has order 2.

O

O

Figure 1.2: Two rotations of the cube

The first rotation permutes each of the three faces adjacent to the grey
vertices amongst themselves. The second rotation exchanges these two sets
of three faces. Thus, we see that the group that these rotations generate acts
transitively on the faces of the cube.

Recalling the idea from before that a design ‘approximates’ the whole set,
we see how this manifests in the symmetry group of the cube. Our subgroup G
acts on the faces just as evenly as the whole group does. In fact, we will see
later (see Example 5.6.9) that the group G is an example of a 1-design in the
conjugacy class scheme of the symmetry group of the cube.

We can generalise this example to other substructures of the cube. Groups
that act transitively on the vertices or edges of the cube are also examples of
designs. We can also go further and consider combinations like transitivity
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on a face with a specified vertex inside or a face with a specified edge inside.
Examples of different transitivity types are given in Figure 1.3.

Figure 1.3: Some substructures of the cube that a group can act transitively on.

There are exactly 24 substructures of each of the types in Figure 1.3. There
are 6 faces, each with 4 vertices and 4 edges inside. Similarly, there are 12
edges, each with 2 vertices inside. Here, the number of substructures of these
types turn out to be the same. In general, the counts can be quite different.

The idea of transitivity on substructures of the cube easily generalises to
the hypercube in higher dimensions. Here, we can consider so called flags
of the hypercube. These are chains of k-dimensional faces, for example a
2-dimensional face that is contained in a 4-dimensional face which is in
turn contained in a 5-dimensional face. Then, we can look for groups that act
transitively on the set of all flags of some type. Every such group is an example
of a design in the group C; ¢ S;,. Note that the examples from Figure 1.3 can
be phrased in the language of flags.

Viewing the substructures of the hypercube as chains of k-dimensional
faces, we see that this idea can be generalised to any regular polytope. These are
polytopes whose symmetry group acts transitively on the ‘complete” flags, i.e.
chains Fy < F; < F, ... where the face F; is i-dimensional (see for example [18]
for more information on regular polytopes). We can think of the flags from
Figure 1.3 as partial flags compared to the ‘complete’ flags.

The symmetry group of a regular polytope has a very strong notion of
transitivity to it. We will see that relaxing this strong notion and considering
other types of transitivity gives an interpretation of designs in the groups
Cr 1Sy (which are the symmetry groups of regular polytopes). From there, one
can give a more algebraic interpretation of designs and extend these ideas to
the groups G S, where G is an arbitrary finite abelian group.

ORIGINAL CONTRIBUTIONS - PART 1

For each of the notions of transitivity that we consider in the group G S;, we
show that they can be characterised as designs in the conjugacy class scheme
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of G1S,. Then, we use our characterisation to compare different types of
transitivity. Our results are generalisations of the results by Martin and Sagan
from [46].

For this introduction, we only consider the case G = C, and consider regular
polytopes, for example the hypercube for G = C,. Let k be an integer with
0<k<mnand o = (01,09,...) be a sequence of positive integers that sum to
n —k (so ¢ is a composition of n — k, not necessarily a partition of n — k). We
call a chain of faces Fy = F; < ... of the polytope a (¢, k)-flag if dimFy = k
and dim F; — dim F;_; = ¢; for every i. Using this notation, the examples from
Figure 1.3 are (21,0)-, (11, 1)- and (12, 0)-flags, respectively. The complete flags
are (111,0)-flags.

We call a subgroup Y of the symmetry group of a regular polytope (c, k)-
transitive if it acts transitively on the set of all (¢, k)-flags. We shall later see
that the order of the parts of o does not matter. That is, a subgroup Y is
(0, k)-transitive if and only if it is (7, k)-transitive where ¢ is a permutation
of 0. Different permutations ¢ of ¢ result in different geometric interpretations
of (o, k)-transitivity, but all of them are equivalent.

Our first main result is that there is a relation denoted by — that is given by
an algorithm that takes a transitivity type (o, k) as input and outputs a set T
such that (o, k)-transitive sets are precisely T-designs. It is a special case of
Theorem 5.3.11.

Theorem 1.1.2. A subgroup Y of C, 1Sy, is (0, k)-transitive if and only if it is a
T-design where the set T is given by (o,k) — T.

This gives a characterisation of (o, k)-transitive subgroups as designs in the
conjugacy class scheme of C; ! S,. We will explain this theorem in more detail
in Chapter 5 where we prove a more general version that applies to subsets
instead of only subgroups, works for the wreath products G S, where G
is a finite abelian group and applies to more types of transitivity than just
transitivity on (o, k)-flags. It will be helpful to keep the transitivity types from
Figure 1.3 in mind as simple examples of the notions of transitivity that we
deal with later.

Another main result is that we have a full classification of (¢, k)-transitivity.
That is, given a (o, k)-transitive subgroup Y, we know exactly for which types
(t,¢) the group Y is also (7, £)-transitive. The following theorem is a special
case of Theorem 5.5.11. In the theorem, o U (k) denotes the partition obtained
by adding a part of size k to ¢, and < denotes the dominance order (explained
in Section 2.2). In the case k = 0, we have o U (k) = 0.

Theorem 1.1.3. Let Y be a (o, k)-transitive subgroup of C, 1 Sy,. Then Y is also
(T, £)-transitive if k < £ and (o U (k)) < (T U (£)).
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As a sample application of this theorem, we obtain the (perhaps surprising)
statement that a group Y that acts transitively on the edges of a 3-dimensional
cube also acts transitively on its faces (see Example 5.5.12). Again, we will
see in Chapter 5 that analogous results also hold for subsets and groups of
the form G S, where G is finite and abelian. It will be helpful to keep the
simple example of edge- and face-transitivity in mind when dealing with
more general results later.

In Section 5.6 and Section 5.7, we investigate (o, n — t)-transitivity in the
group C, 1S, in more detail where ¢ = 1! is the partition of t containing
t parts of size 1. One can think of (1f,n — t)-transitivity as the analogue of
t-transitivity in the symmetric group. We obtain the following application of
our results to finite projective planes.

Theorem 1.1.4. Let q be a prime power. If there is no sharply (1!, n — t)-transitive
set in Cy_1 1Sy, then there is no finite projective plane of order q — 1. If there is no
sharply (1',n — t)-transitive set in Cy1 Sy41, then there is no finite projective plane
of order q + 1.

Our results on the generalised symmetric group are publicly available as a
preprint.

[35] L. Klawuhn and K.-U. Schmidt. Transitivity in wreath products with sym-
metric groups. Preprint, arXiv. 2024. URL: https://arxiv.org/abs/2409.
20495

Both authors are first authors with equal rights and equally contributed to the
research on the project.

DESIGNS OF PERFECT MATCHINGS

In addition to the conjugacy class scheme of the generalised symmetric group,
we also study the perfect matching association scheme. Here, the hyperoctahe-
dral group C;1 S, appears again, but this time as a subgroup of the symmetric
group Syy,.

A perfect matching of the complete graph Ky, is a set of n independent
edges. In graph theory, it is also called a 1-factor. It is well-known that the
complete graph K3, can be decomposed into 21 — 1 perfect matchings for every
n € N (see for example [30, Theorem 9.1]). Such a decomposition is called a
1-factorisation. These structures satisfy properties very similar to block designs
and are examples of designs in the perfect matching association scheme.

Perfect matchings have been investigated over 100 years ago already and 1-
factorisations can be used to schedule round robin tournaments such as chess
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tournaments or a football league. Constructions appeared in the 19th century,
for example in the book Récréations mathématiques by Edouard Lucas [43]
(phrased in terms of children dancing in a circle) or in an article in Deutsche
Schachzeitung [56], proposing a way to schedule chess games according
to a mathematical rule. However, the connection to tournaments makes it
very likely that 1-factorisations have been studied much earlier, even without
written record.

In a 1-factorisation, every edge appears in exactly one perfect matching. In
light of our general idea that a design in an association scheme ‘approximates’
the whole set, we can see how this can be interpreted in the association
scheme of perfect matchings. Taking all perfect matchings of Ky, it is clear
that every edge appears in a constant number of them. A 1-factorisation
has the same property with the constant being 1. Phrased differently, a 1-
factorisation contains each edge the same number of times. Thus, we can think
of a 1-factorisation as the analogue of a block design of strength 1 where every
point appears in precisely 1 block (even though a 1-factorisation is not a block
design in the actual sense). Figure 1.4 gives an example of a 1-factorisation
of Kg.

5

Figure 1.4: A 1-factorisation of Kg

We can generalise this idea to more than 1 edge. Just like the blocks of a
block design of strength t contain each set of t distinct elements constantly
often, we can think of a design in the perfect matching association scheme as a
set of perfect matchings containing each set of t distinct edges constantly often.
Clearly, we have to restrict ourselves to sets of t distinct independent edges
because perfect matchings do not contain dependent edges. Taking t = 2,
we obtain the definition of a hyperfactorisation, studied by Boros, Jungnickel
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and Vanstone [8]. They showed that for n > 5, the complete graph Kj,
always has a non-trivial hyperfactorisation where non-trivial means that the
hyperfactorisation is not the set of all perfect matchings of Ky;,.

Cameron [12] generalised hyperfactorisations to partition systems. He de-
fines an s-(t,n) partition system to be a collection S of partitions of a set X
of size n into subsets of size t having the property that given any s disjoint
subsets of size t of X, there is a unique partition in S which has all of the given
subsets as parts. This is a natural way to generalise 1-factorisations and hyper-
factorisations of complete graphs. Indeed, a 1-factorisation of Kj, is simply a
1-(2, n) partition system. Independently, Stinson [60] defined hyperresolutions
of a resolvable block design, which turn out to be 2-(¢, n) partition systems.
Cameron constructed infinitely many examples of 2-(2, n) partition systems
from hyperovals of projective planes of even order.

In this thesis, we investigate generalisations of these concepts and show that
structures with these properties are designs in the perfect matching association
scheme.

ORIGINAL CONTRIBUTIONS - PART 2

We generalise the notion of s-(2,n) partition systems to A-factorisations by
replacing the parameter s with a partition A and use the theory of association
schemes to investigate them. In an s-(2, n) partition system, any set of s — 1 sub-
sets of size 2 appears a constant number of times. The counting involved does
not give rise to restrictions on the parameters s and # (see [12, Theorem 7.2]).
We show that similar counting arguments work for A-factorisations and give
rise to non-trivial divisibility conditions by comparing different partitions A.

Work on the association scheme of perfect matchings of the complete
graph Ky, has been done by Rands [52]. He calculated the eigenvalues of
the association scheme for n € {4,5,6}, and he also observed that we can view
abstract hyperovals and 1-factorisations as cliques for this association scheme.
We take this viewpoint further and consider A-factorisations as designs in
the association scheme, and use Delsarte theory to produce results on the
existence of such designs.

Our main result is a characterisation of A-factorisations as T-designs (see
Theorem 6.2.4).

Theorem 1.1.5. A non-empty set of perfect matchings is a A-factorisation if and only
if it is a T-design where T is the set of all partitions y of n with A I u # (n).
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Then, we use this characterisation to prove several interesting corollar-
ies of this result. One of them is the following comparison of different A-
factorisations (see Theorem 6.3.1).

Theorem 1.1.6. Let D be a A-factorisation. If u ™ A, then D is also a u-factorisation.

As a corollary, we obtain divisibility conditions on the parameter n such
that a A-factorisation of Kj, can exist.

Furthermore, in Corollary 6.3.12 we show that there is no (2,1,...,1)-
factorisation for all n > 4, generalising a result of Cameron [12, Theorem 7.6]
on partition systems.

The article about our results on the association scheme of perfect matchings
was published in the journal Algebraic Combinatorics and is publicly available
(open access).

[3] J. Bamberg and L. Klawuhn. “On the association scheme of perfect match-
ings and their designs”. In: Algebraic Combinatorics 9.3 (2026), pp. 789-809.
DOI: 10.5802/alco.490

Both authors are first authors with equal rights. The first author contributed
the computations for small 7 and the GAP code in the appendix (see a.2). The
second author contributed the representation theoretic calculations and the
initial idea for the project. Both authors contributed equally to the remaining
parts of the project.

OUTLINE OF THIS THESIS

Here is how we structure this thesis. We start by giving an overview of
representation and character theory of finite groups in Chapter 2, especially
the representation theory of the symmetric group. This is one of two important
areas where our techniques come from. The other is the theory of association
schemes which we present in Chapter 3. We give a detailed introduction to the
theory with special emphasis on codes and designs in an association scheme.
Special attention is paid to conjugacy class schemes where the character
theoretic results from Chapter 2 come into play.

Having completed the foundation, we describe the well-known conjugacy
class scheme of the symmetric group and its designs in Chapter 4. These
results can be thought of as a template for the kind of results obtained in later
chapters.

In Chapter 5, we generalise results from Chapter 4 by answering questions
from [46] in a vastly generalised form. Constructions of designs in the gener-
alised symmetric group and connections to orthogonal polynomials and finite
projective planes are given.

11
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In Chapter 6, we apply similar ideas to the perfect matching association
scheme. We obtain a characterisation of designs and show that some objects
studied in finite geometry are in fact special cases of designs in the perfect
matching association scheme that we study. At the end of Chapters 5 and 6,
we list some open problems.

All computations were done using GAP [26] which has been a very useful
tool during research.



REPRESENTATION AND CHARACTER
THEORY

We start our journey with an introduction to representation and character
theory. Representation theory can be a powerful tool to deduce combinatorial
results in groups, especially results associated with group actions. Methods
from representation theory underpin many of our results, both in the gener-
alised symmetric group and in the perfect matching association scheme.

In this chapter, we give an introduction to the theory. We follow [57], where
we also refer the reader for a detailed treatment of the subject and proofs
of the statements in this chapter. In Section 2.1, we give an overview of the
definitions and results from representation theory that will be needed in this
thesis. In Section 2.2, we deal with the representation theory of the symmetric
group Sy, especially its irreducible characters.

2.1 DEFINITIONS, EXAMPLES AND BASIC RESULTS

Consider the following matrices over an arbitrary field IF:

10 00 1 10
I=1(0 1 , A=110 0], B = 0 1|,
0 0 010 0 0
100 00 1 010
C=]lo001|, D=]Jo1o0f, E=]100
10 100 001

It is easy to see that the set {I, A, B,C,D,E} forms a group together with
matrix multiplication that is isomorphic to S3. Hence, we have represented the
permutation group S; using linear maps of the 3-dimensional vector space IF>.
This is the key idea of representation theory. It allows us to use techniques of
linear algebra to investigate groups.

In what follows, G will always be a finite group and V and W are non-zero
finite dimensional vector spaces over C. The complex general linear group of V is
denoted by GL(V) and the complex general linear group of C" is denoted by
GL(n,C). It is the group of all invertible n x n matrices with complex entries.

13
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Definition 2.1.1. A representation of G in V is a group homomorphism
p:G—GL(V), g~ p(g)-

Sometimes, we write p, for p(g). We call dim(V') the degree of the representa-
tion and denote it by deg(p).

In a representation, every group element ¢ € G is associated with an
isomorphism p, of a vector space V.

Example 2.1.2. Let G = S3 be the symmetric group on 3 elements. Recalling
the matrices from earlier, the map p : S3 — GL(3, C) defined by

p(id) = 1, p((1,2,3) = A, p((1,3,2)) = B,
p((23)) =C, 0((1,3)) = D, 0((1,2)) = E

is a group homomorphism. Hence, it defines a representation of S in C°.

Example 2.1.3. The map p : G — GL(1,C) sending every group element to the
1 x 1 matrix (1) is a representation of G, called the trivial representation. It has
degree 1.

Although innocent-looking, the trivial representation plays an important

role when dealing with permutation representations. Example 2.1.2 is such a
permutation representation. We now define it for an arbitrary group action. If
G acts on a set (), then for g € G and x € (), the group action is denoted by
g-x.
Example 2.1.4. Let G be a finite group acting on a finite set () and denote
by V the vector space generated by a basis (ey)cq that is indexed by the
elements of (). For an element ¢ € G, let pg : V — V be the linear map that
sends ey to eg.r for every x € (). Then the map & : G — GL(V) with E(g) = p,
is a representation of G, called the permutation representation. Its degree is
deg(E) = [Q)].

We shall later see how permutation representations of transitive group
actions can be obtained from trivial representations of subgroups of G.

It is well-known that every linear map between finite dimensional vector
spaces can be described using a matrix by picking a basis. Doing so, we obtain
a representation in GL(n, C) which is essentially the same as the original one.
This suggests the following definition.

Definition 2.1.5. Let p : G — GL(V) and p : G — GL(W) be two representa-
tions of G. If there exists an isomorphism T : V. — W such that
p(g)=Top(g)oT™!

for every g € G, then the representations p and p are called equivalent.
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We find that a representation p : G — GL(V) is equivalent to a represen-
tation p : G — GL(dim(V), C). Hence, we can think of representations using
linear maps and representations using matrices as being essentially the same.
This allows us to use the different notions interchangeably, depending on
which is more convenient in a given situation.

We are interested in decomposing a given representation into smaller sub-
representations that are irreducible. Let us define these notions.

Definition 2.1.6. Let p : G — GL(V) be a representation and let W be a
subspace of V. The subspace W is called invariant under G or G-invariant if
pg(W) < W for every g € G.

It is immediate that the restriction of an isomorphism p, to a G-invariant
subspace W yields an isomorphism of W for every g € G, hence an element
of GL(W). Thus, we obtain a representation of G in W. This motivates the
following definition.

Definition 2.1.7. Let p : G — GL(V) be a representation and let W be a
G-invariant subspace of V. Then the restriction

pw : G — GL(W), g+ (og)w
is called a subrepresentation of p.

Example 2.1.8. Consider the representation of Sz from Example 2.1.2. The
matrices p(co) clearly fix the vector (1,1, )T for every ¢ € S3. Hence, the vector
space W = {(1,1,1)T) of dimension 1 is invariant under the action of S3 and
thus gives rise to a subrepresentation of p.

The following theorem is crucial (see [57, Ch. 2 Th. 1] for a proof).

Theorem 2.1.9. Let p : G — GL(V) be a representation of G in V and let W be
a G-invariant subspace of V. Then there exists a complement W of W in V that is
invariant under G.

This suggests that we can break down a representation into smaller rep-
resentations, writing it as a sum of subrepresentations. We make this more
explicit with the following definition.

Definition 2.1.10. Let p : G — GL(V) and p : G — GL(W) be two representa-
tions. The direct sum of p and p is the representation

p®F:G - GLIVaW), (p®p)g(v,w) = (05(v),pg(w))

for every g € G and every (v,w) e V@ W.

15
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Theorem 2.1.9 says that if p is a representation of G in V and we find a
G-invariant subspace of V, then we can write p as the direct sum of two
subrepresentations. This leads to the following important definition.

Definition 2.1.11. A representation p : G — GL(V) is called irreducible if V is
non-zero and the only G-invariant subspaces of V are the trivial subspaces
{0} and V.

In light of Theorem 2.1.9, a representation p of G in V is irreducible if and
only if it cannot be written as the direct sum of two non-zero subrepresenta-
tions of p.

Example 2.1.12. The representation p from Example 2.1.2 is not irreducible
because the subspace W = ((1,1,1)T) is Ss-invariant. It is easy to see that the
orthogonal complement W+ under the standard inner product of C3 is also
Ss-invariant and it turns out that it is irreducible. Hence,

P =PwDPowL

is the decomposition of p into irreducible subrepresentations.
Furthermore, we observe that every representation of degree 1 is irreducible.

We have the following important theorem, often called Maschke’s Theorem.

Theorem 2.1.13. Every representation p can be decomposed into a direct sum of
irreducible representations.

Having laid the groundwork, we now turn to a different way to view
representations and their decompositions. Every representation comes with a
so called character that carries valuable information about a representation.

Definition 2.1.14. Let p : G — GL(V) be a representation of G. Then the
function

xX:G—-C, x(g) =Tr(p(g))

is called the character of p. Here, Tr denotes the trace function. Furthermore, if
p is irreducible, then we call x an irreducible character.

When interpreting representations in terms of matrices, the trace of a matrix
is simply the sum of its diagonal entries. Notice that p(e) = I,, the n x n
identity matrix, so for the corresponding character xy we have x(e) = deg(p).

Example 2.1.15. The character of the trivial representation is called the trivial
character, denoted by 1. It is irreducible and satisfies 15(g) = 1 for every
geG.
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Furthermore, every representation of degree 1 is essentially equal to its
character (via interpreting 1 x 1 matrices as complex numbers). If x is the
character of a degree 1 representation, then it is irreducible and satisfies
Xx(gh) = x(g)x(h) for every g, h € G. Characters with that property are called
linear characters.

Characters are important because they uniquely determine a representation
as the following theorem shows (see for example [57, Ch. 2 Cor. 2]).

Theorem 2.1.16. Let p : G — GL(V) and p : G — GL(W) be two representations
and let x and X be their characters. Then p and p are equivalent if and only if x = X.

We can thus talk about representations and characters interchangeably.
Their connection also manifests in how representations and characters can be
decomposed into irreducibles.

Theorem 2.1.17. Let p : G — GL(V) and p : G — GL(W) be two representations
and let x and X be their characters. Then the character of p @ p is equal to x + X.

Hence, characters can be decomposed into irreducible characters just like
representations can be decomposed into irreducible representations.

Example 2.1.18. Consider the representation of S3 from Example 2.1.2 and let
X be its character. Taking the traces, we compute

x(id)
x((2,3) =

3, x((1,2,3)) =0, x((1,3,2)) =0,
1, x((1,3)) =1, x((1,2) =1.

Furthermore, the restriction of p to the subspace W = ((1,1,1)7) is the trivial

l

representation. We denote its character by xw and it satisfies yw(oc) = 1
for all ¢ € S3. From Theorem 2.1.16 and Theorem 2.1.17, it follows that
X = Xw + Xw. where x}y. is the character of the restriction of p to W+. Thus,
we have . = x — xw and we find

Aw(id) =2, xwe((1,2,3)) = -1, xwe((1,3,2) = -1,
Xwi ((2/ 3)) = 0/ Xwi ((1/ 3)) = O/ Xwi ((1/ 2)) = 0.
It is easy to see that W+ has no non-trivial Sz-invariant subspaces. Hence, the

restriction of p to W+ is irreducible and xy. must be an irreducible character
of S3. Notice that xy.(id) = 2, agreeing with W+ being 2-dimensional.

The character ) is an example of a permutation character. The decomposition
of permutation characters will be of utmost importance in this thesis.

17
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Definition 2.1.19. Let G be a finite group acting on a set (). The function
¢ : G — C defined by

¢(g) = [Fix(g)| = [{xe Q[ g-x = x}|
is called the permutation character of G on ().

Example 2.1.18 shows many patterns that are true for characters in general,
for example constant values on conjugacy classes. We develop the theory now
(following [57, Ch. 2]).

Definition 2.1.20. Let G be a group and g € G. Then the set
Cg:{hgh’leGHzeG}

is called the conjugacy class of g. Elements that lie in the same conjugacy class
are called conjugate.

It is well-known that conjugacy defines an equivalence relation, hence the
conjugacy classes partition the group. Conjugate elements of a group often
have similar properties.

Theorem 2.1.21. Let G be a finite group and x be a character of G. Then yx is constant
on the conjugacy classes of G. In other words, for every g,h € G we have

x(g) = x(hgh™™).

See [57, Ch. 2 Prop. 1] for a proof. Functions from G to C that are constant
on conjugacy classes are called class functions. By Theorem 2.1.21, characters
are class functions, hence there is no ambiguity if we write x(C) for the value
of a character x on a conjugacy class C.

Example 2.1.22. The conjugacy classes of S3 are
{id}, {(1,2,3),(1,3,2)} and {(1,2),(1,3),(2,3)}.

We see that the characters in Example 2.1.18 are constant on the conjugacy
classes.

We denote by CQ) the space of all functions f : (3 — C. It has an inner
product defined by

I e
’G‘ xeG

for every f, g € CQ). Characters are elements of CG. It turns out that irreducible
characters have special properties with regard to this inner product.



2.1 DEFINITIONS, EXAMPLES AND BASIC RESULTS

Theorem 2.1.23. Let G be a finite group and x and X be two distinct irreducible
characters of G. Then we have

1/ X:;{/

0, otherwise.

XX =

That is, the irreducible characters from an orthonormal system with respect to the
inner product {-,-). In fact, the irreducible characters form an orthonormal basis of
the space of all class functions on G.

See [57, Ch. 2 Th. 3] for a proof. Notice that the fact that the irreducible
characters are a basis of the space of class functions implies that their number
is equal to the number of conjugacy classes of G. In particular, a finite group
has finitely many irreducible characters.

We now come to one of the most important theorems about the decomposi-
tion of characters into irreducibles (see [57, Ch. 2 Th. 4]).

Theorem 2.1.24. Let G be a finite group and p be a representation of G in 'V with
character x. Suppose that V decomposes into a direct sum of irreducible representations

V=Wo...0W,.

Then, for any irreducible representation W with character xw, the number of W;
isomorphic to W is equal to the scalar product {x, xw)-

This theorem has the important consequence that the decomposition of a
representation (resp. a character) into irreducibles is unique up to equivalence.
If x1,..., xx are the irreducible characters of G and x is any character of G,
then we can write

X=X x0x1+ -+ 0 X)Xk

The numbers m; = {x, x;» are non-negative integers and are equal to the
number of times the irreducible character ); is contained in . They are called
multiplicities. The irreducible characters x; with m; > 0 are called irreducible
constituents of x. In general, we have

<X,X>=m%+...+m%.

Notice that Theorem 2.1.24 also gives a criterion for a character to be irre-
ducible.

Theorem 2.1.25. Let G be a finite group and x be a character of a representation p of
G. Then p is irreducible if and only if (x, x) = 1.
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Example 2.1.26. Consider the permutation character of S3 from Example 2.1.18
and its decomposition into the irreducible characters xw and .. First, we
compute

1
X x> = 5 (32+02+02+12+12+12) =2,
agreeing with the fact that ) is not irreducible. On the other hand, we find
Lo 2 2.2, 2, 12
Qaw: xw) = ¢ (1 +1P+ 17 +12+ 17+ 1 ) =1,
1
Gowroxws) = 2 (2 4+ (-1 + (-12+ 02+ 02 +.07) = 1,

proving again that xw and Xy . are irreducible characters of S3.

Since S3 has 3 conjugacy classes, there is one more irreducible character
of S3. It is easily seen that the sign sg(c) of a permutation ¢ € S3 is constant
on conjugacy classes. Since sg is a homomorphism from Sz to C, it is a 1-
dimensional representation and hence irreducible. It follows that the sign
character ysg with xsg(0) = sg(o) for every o € S3 is an irreducible character
of S3. Hence, we have found all irreducible characters of Ss.

Here is an overview of the character values of the symmetric group Ss.
For the columns, we give one representative per conjugacy class. We denote
by 1s, the trivial character (which is x above) and by x» the 2-dimensional
irreducible character xy1 from above.

id (1,2) (1,2,3)
g, |1 1 1
xsg | 1 -1 1
212 0 -1

The irreducible characters of the symmetric group are studied in more detail
in Section 2.2.

Next, we study two constructions for characters called restriction and in-
duction. Recall that a representation p of a group G in a vector space V can
be restricted to a subspace of V. Similarly, we can restrict p to a subgroup H
of G. Since our focus in later chapters will be on characters, we define these
notions for characters instead of representations.

Definition 2.1.27. Let G be a finite group, let x be a character of G and let H
be a subgroup of G. The restriction of x to H is denoted by x |$ and given by

x5 H—-C, h— xh.

We call x i% a restricted character.



2.1 DEFINITIONS, EXAMPLES AND BASIC RESULTS

It is easy to see that x |% is indeed a character of H and it has the same
degree as x. However, it is important to note that an irreducible character of G
need not stay irreducible after restriction to a subgroup.

Given a character of a finite group G, restriction produces a character of
a subgroup H of G. There is an operation doing the opposite, producing a
character of G given a character of a subgroup H of G.

Definition 2.1.28. Let G be a finite group, let H be a subgroup of G and let x
be a character of H. The induction of x to G is denoted by x 1% and given by

1 _
XT%:G—NE, 8§ Z x(x~tgx).
’ | xeG:
xgx~leH

We call x 1% an induced character. Many properties of induced characters can
be found in [57, Ch. 7.1].

The induced character x 1% is indeed a character of G. Its degree is
16|
|H| . . . .
character of H need not stay irreducible after induction to G.

deg(x). However, similar to restriction, we point out that an irreducible

Example 2.1.29. Consider for one more time the representation of Sz from
Example 2.1.18 and its character x. Let H = Stab(1) = S5 3, = {id, (2,3)}. We
S
show that x =1 1}]. ;
The induced character 1 17} is given by the formula

1
113 (@) =5 Mo
TES3Z
tot—leH

Remember that characters are constant on conjugacy classes, so we only have
to evaluate 1 T?j on the elements id, (1,2) and (1, 2,3). We find

11?;(@1):% > 1=%21:%:3.

T€S;3: TES;
tidtleH
Similarly, we find the values 1 Tfj ((1,2)) =1and 1 T?j ((1,2,3)) = 0. This
proves 1 Tfj: X

This example can be generalised to any transitive group action. It turns out
that every permutation character of such an action is in fact obtained as the
induction of a trivial character (see [57, Ex. 7.2]).
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Theorem 2.1.30. Let G be a finite group acting transitively on a set () and let
¢q be the permutation character of G on Q). Consider an element x € () and let
H = Stab(x) be its stabiliser. Then we have

En=11%.

In particular, the character 1 1% is the permutation character of the action of G on the
left cosets gH of G by left multiplication.

This fact is crucial when decomposing permutation characters. We call the
induced character 1 1% the permutation character of the subgroup H. It counts
the number of fixed points of the action of G on the cosets of H.

Restriction and induction can be thought of as duals of each other because
they behave like adjoints with respect to the inner product (-, -). This fact is
also called Frobenius reciprocity.

Theorem 2.1.31 (Frobenius Reciprocity). Let G be a finite group and let H be a
subgroup of G. Furthermore, let x be a character of H and let 1 be a character of G.
Then we have

X156 = 0oy Lion

where (-,-)c and (-, -)g are the inner products on the vector spaces CG and CH,
respectively.

This theorem is extremely helpful when decomposing characters.

Example 2.1.32. Let G be a finite group and consider the action of G on itself
by left multiplication. The permutation representation of this action is called
the (left) reqular representation. Its character is the permutation character ¢ of
this action, that is the number of fixed points, and is given by

x(e) =G|, x(g)=0forg #e.

We see that the stabiliser of any element is trivial and contains only the identity
element e € G. Hence, from Theorem 2.1.30, we find that { = 1 ng}'
Now let x be an irreducible character. Using Theorem 2.1.31, we calculate

@16 = 11206 = At K01 = i (OX1E) = degl)

It follows that the regular representation contains every irreducible character x
with multiplicity deg(x). Denoting by Irr(G) the set of all irreducible characters
of G, we can write

¢= ) deg(¥x.

xelrr(G)



2.2 REPRESENTATION THEORY OF THE SYMMETRIC GROUP

The degree of the regular representation is deg(¢) = |G|. As an immediate
consequence, we obtain the formula

Gl =¢le)= ), deg(x)xle)= ), deglx

xelrr(G) xelrr(G)

Restriction and induction are transitive operations in the following sense.

Theorem 2.1.33. Let G, H and K be finite groups with K < H < G. Let x be a
character of G and  be a character of K. Then we have

@ x |G 1H=x S
(b) ¥ 1715= 1§

We close this section with a result called Mackey’s Theorem. It describes the
result of inducing a character followed by restriction.

Let G be a finite group and let H and K be subgroups of G. If x is a character
of H and s € G, we define a character x* of H® = sHs™! via

-1

X°(x) = x(s™ xs)

for every x € H°. We have the following theorem.

Theorem 2.1.34 (Mackey). With the notation as above, we have

X 1EIR= D & VHenk M snk
seR

where R is a system of representatives for the double cosets KgH with g € G.

This theorem will become important when dealing with the generalised
symmetric group in Chapter 5.

2.2 REPRESENTATION THEORY OF THE SYMMETRIC GROUP

We now focus on the symmetric group S;. Its representation theory over
the complex numbers is well-understood. Here, we present results about the
irreducible characters of the symmetric group and the decomposition of an
important class of characters. For more details, we refer the reader to [45] or
[54].

An (integer) partition is a sequence A = (A1, Ay, ...) of non-negative integers
that sum to a finite number and satisfy A; > A; ;1 for every i € N. The A; are
called parts of the partition A. The size of A is the number |A[ = >}, ; A; and
if |[A| = n, we say that A is a partition of n and denote this by A - n. The

largest number i such that A; > 0 is called the length of A, denoted by I(A).
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We often write partitions as finite sequences (Ay, ..., Ajy)) only writing down
the non-zero parts. When no confusion can arise, we omit the commas when
writing down partitions.

We also write k! to denote ¢ parts of size k, for example 2!1? is the sequence
(211). The unique partition of 0 will be denoted by . Furthermore, we denote
by Par the set of all integer partitions (of any size) while Par, denotes the set
of partitions of n.

If A is a partition of n, then the Young diagram of A is an array of n boxes
with left-justified rows and top-justified columns such that row i contains
exactly A; boxes. For example, the Young diagram of the partition (431) is:

Each partition gives rise to a conjugate partition A’ whose parts are the number
of boxes in the columns of the Young diagram of A (so the Young diagram
of A’ is the transpose of the Young diagram of A). For example, the conjugate
partition of (431) is (3221) and its Young diagram is:

|

We use two methods for combining partitions. If A and y are partitions, then
A U p is the partition of |A| 4 |u| that has as its parts exactly the parts of A and p,
and A + yu is the componentwise sum, thatis A +pu = (A + 1, Ax + o, ...). It
holds that

Auw) =M +y and A+p) =Nuy.

A partition A is contained in a partition p, denoted by A < y, if A; < y; for
every i > 1. In terms of Young diagrams, this means that the Young diagram
of A lies inside the Young diagram of y if they are superimposed.

We use the dominance order < to compare partitions. Let A and u be two
partitions (not necessarily of the same size). We write A <y and say that A is
dominated by p or yu dominates A if

k k
EAi Sz,ui for all k > 1.
i=1 i=1

Notice that the dominance order is not a total order. For example, for the
partitions (411) and (33), we have neither (411) < (33) nor (33) < (411).
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A helpful visualisation is the fact that we have A <y if and only if the
Young diagram of A can be transformed into the Young diagram of u by
moving boxes from the end of a row of A to a higher row one at a time (see

for example [11, Proposition 2.3]). Figure 2.1 gives an example showing that
(3221) < (3311).

<

Figure 2.1: The dominance order

When interpreting a partition as a sequence, moving a single box up cor-
responds to adding vectors of the form (0,...,0,1,0,...,0,-1,0,...) to the
partition.

The dominance order behaves nicely when considering conjugate partitions.

Theorem 2.2.1. Let A and p be two partitions with |A| = |u|. Then we have
Ady — A > ],t'.

Recall that the number of irreducible characters of a group is equal to the
number of conjugacy classes. The conjugacy class of a permutation ¢ € S, is
determined by its cycle type. Every permutation can be written as a product
of disjoint cycles which is unique up to order of the cycles. If ¢ = 0107 ... 0
is such a decomposition where the cycles are ordered non-increasingly with
respect to their lengths, then the tuple of cycle lengths (|oq|, |02, ..., |0k|) is
called the cycle type of . It is a partition of n. The cycle type characterises the
conjugacy classes of the symmetric group.

Theorem 2.2.2. Two elements o, T € Sy, are conjugate if and only if they have the
same cycle type. In particular, the number of conjugacy classes of S, is equal to the
number of partitions of n.

We now know that the irreducible characters of the symmetric group can be
indexed by the partitions of 7. It is not immediately obvious how to associate
characters with partitions. We start by noticing that a partition A of n defines
a subgroup of the symmetric group S,;, namely

Sy =5x, xSy, x...x 8§y,

where each S, permutes a set of A; elements such that all of these sets are
disjoint. Such a subgroup is called a Young subgroup of shape A. All Young
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subgroups of the same shape are conjugate to each other. For simplicity, we can
assume that S,, permutes the elements 1,2,..., A, the group S), permutes
the elements A1 +1,...,A1 + A, and so on.

It turns out that we can find all irreducible characters of the symmetric
group from the induced characters & = 11 5,- Although these characters are

not all irreducible, we can order the partitions of #n in such a way that (ZA(D is
irreducible, (:A(Z) contains the character 5/\(1) and a single copy of an irreducible
character )()‘(2) and so on. In general, C)‘(i) decomposes into the irreducible
characters XA(k) for k < i and a unique new irreducible character )(A(i).

Let us look at the characters & in more detail. Recall from Theorem 2.1.30
that C/\ is the permutation character of S, on the cosets of S, in S;. A nice way
to visualise this action is using A-tableaux and A-tabloids.

Definition 2.2.3. Let A be a partition of n. A A-tableau is a filling of the Young
diagram of A with the numbers 1,...,n such that every number appears
exactly once.

An ordered set partition P = (P1, P,,...) of {1,2,...,n} is a tuple of pairwise
disjoint subsets P; < {1,...,n} whose union is {1,...,n}.

A A-tabloid is an ordered set partition of the set {1, ...,n} into subsets such
that the i-th part has size A;. The underlying partition is called the shape of the
tableau or tabloid.

For example,

is a (431)-tableau. Forgetting the order of the boxes in a row gives a (431)-
tabloid

_ | W
x| N
Q1| W

o1 o
[
=N

that represents the ordered set partition ({2,3,6,7},{1,5,8}, {4}). We remark
that there are n! different A-tableaux and n!/A! different A-tabloids where
Al=AAp!

The symmetric group acts on A-tableaux and A-tabloids in the natural way
by applying a permutation to all entries. We see that a Young subgroup S,
stabilises a A-tabloid. Hence, the permutation character &* counts the number
of fixed points under this action, that is &*(c) is the number of A-tabloids
fixed by o.
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Example 2.2.4. Let A = (n). There is only one (n)-tabloid:

Hence, we have &")(¢) = 1 for every o € S, and ¢ = 1, is the trivial
character (which is irreducible).

If A = (n—1,1), then there are n different A-tabloids. Each one is determined
completely by the element in its second row and we can associate each A-
tabloid with a number from 1 to n. For example, the (31)-tabloid

1 3 4
2

corresponds to the number 2. With this identification, the symmetric group S,
acts on the (n — 1, 1)-tabloids just like it acts on the set {1,...,n} and conse-
quently the permutation characters of these actions are the same. We have
seen in Example 2.1.18 that the permutation character of S3 decomposes into
the trivial character and another irreducible character. This is true in general
for the group S, for every n although it is not immediately obvious. We have

C(n—l,l) _ X(n) +X(n—1,1)

for every n € IN with n > 2. It follows that the irreducible character A1) g
the second one in our ordering of the irreducible characters of S,.

If A =(1,...,1), then there are n! different A-tabloids. We find that the
stabiliser of a A-tabloid is trivial and only the identity fixes a A-tabloid. Hence,
g(l-1) is the character of the left regular representation. We have seen in
Example 2.1.32 that the character of the regular representation contains every
irreducible character of the group. Hence, the irreducible character x(I-+1) of
Sn must be the last one in our ordering of the irreducible characters.

We deduce that the first irreducible character of the symmetric group is x™)

and the second one is x("~11)

. Continuing this way, we obtain all irreducible
characters of the symmetric group. They are given as x* where A is a partition
of n. To avoid confusion, we will from now on use A to index the irreducible
characters y* and y to index the permutation characters &,

The x correspond to a set of irreducible representations given in terms of
Specht modules. We will not go into more detail here and refer the reader to
[54, Chapter 2.3] instead.

In general, the permutation characters ¢# decompose into certain irreducible

characters according to the dominance order. This is called Young's rule.
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Theorem 2.2.5 (Young’s rule). Let u be a partition of n. Then there are integers
Ky, such that the decomposition of ¢ in terms of the irreducible characters X\ is

¢H = Z KMXA. (2.1)

ADu
Furthermore, we have Ky, = 1 for every partition A of n.

Remark 2.2.6. Using the inner product of characters, we can restate Young’s
rule as

@M #£0 — A
The converse of this also holds, that is
@ XN #0 = A pu (2.2)

This was proven later than Young’s rule (2.1). One of the first publications of
this result seems to be [40], though the authors state that the result appeared
implicitly in other publications already. We will also refer to the stronger
version (2.2) as Young’s rule.

Notice that (2.2) is an equivalence: The set of irreducible constituents of the
permutation character ¢* is exactly the set of irreducible characters x* such
that A > u. We will encounter similar decompositions of permutation char-
acters in the generalised symmetric group in Chapter 5 and even analogous
results beyond the realm of permutation characters when dealing with perfect
matchings in Chapter 6.

Theorem 2.2.5 and its strengthening determine the irreducible constituents
of certain permutation characters. In other words, we know exactly which
irreducible characters have a positive multiplicity. However, computing the
exact value of the multiplicities, that is computing the coefficients K}, is a
much harder problem. These numbers are called Kostka numbers and have a
combinatorial interpretation in terms of semistandard Young tableaux.

A semistandard Young tableaux of shape A and content y is a filling of the
Young diagram of A with positive integers such that the number i appears
precisely u; times and such that the numbers in the columns increase strictly
and the numbers in the rows are non-decreasing. An example is

4
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which is a semistandard (431)-tableau with content (3221). The Kostka number
K, is the number of semistandard A-tableaux with content y.
For n = 3, elementary counting reveals that the Kostka numbers have the

following values. The entry in row A and column y is the Kostka number K ,.

Ky | (3) (21) (111)
@) |1 1 1
e o 1 2

mnlo o 1

Now consider the matrix K = (Kj;),u-» for an arbitrary value of n. Since
Kipr = 1 for every A - n and every n € IN, K has 1s on the diagonal. The
ordering of the irreducible characters (or equivalently the partitions of n)
ensures that K is a triangular matrix. Hence, the determinant of K is 1. It
follows that K is invertible and since the entries of K are integers, it follows
that the inverse K~! is also an integral matrix.

Applying this insight to Equation (2.1), we obtain the following important
statement.

Theorem 2.2.7. Let x* be an irreducible character of the symmetric group and let &
be the permutation characters of Young subgroups. There are integers c,, such that

XA = Z C/\ygy-

HkEn

In particular, since the permutation characters ¢V are integer-valued, it follows that
the irreducible characters of the symmetric group are integer-valued.

Theorem 2.2.5 and Theorem 2.2.7 can also be interpreted as saying that
the matrix of Kostka numbers is the transition matrix from the basis of
irreducible characters to the basis of permutation characters (in the space of
class functions). Let us illustrate that explicitly.

Example 2.2.8. The character table of the symmetric group S3 was calculated
in Example 2.1.26.

id (1,2) (1,2,3)
1s, | 1 1 1
X2 | 2 0 -1
We have to ensure that the characters of Sz are ordered as x®, x(21, (111

so that the indexing agrees with the matrix of Kostka numbers. We already
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saw that x(®) is the trivial character (so the first row of our character table). By
Young's rule (2.1), we have

g@) = Kyanx® + Kenyenx® = x® + x@.
Since ¢?V)(id) = 3 (there are precisely 3 different (21)-tabloids), we find that
AP Ed) = ¢@V(d) — x®Gd) =3 -1 =2.
So X(Zl)
character x\***). Permuting the characters has the effect of permuting the rows
of the character table, so the character table for the ordering (3), (21), (111) is

is the character we called x,. Finally, the sign character xg is the
(111)

1 1 1
2 0 -1
1 -1 1

1 00\(1 1 1 111
1 2 0 -1|=1310
1 21/\1 -1 1 6 00

Each row of the matrix on the right hand side corresponds to one instance of
the formula in Theorem 2.2.5 for a particular partition u. Row 1 corresponds
to the permutation character ¢® (on (3)-tabloids), row 2 corresponds to the
permutation character #?!) (on (21)-tabloids) and row 3 corresponds to the
permutation character &M (on (111)-tabloids). The first column counts the
number of fixed u-tabloids of the identity (so, equivalently, the total number
of u-tabloids) and the second and third columns count the number of fixed
pi-tabloids of the permutations (1,2) and (1, 2, 3), respectively.

We can compute the inverse of the matrix of Kostka numbers and find that

1 1 1 1 0 0\/1 11
2 0 -1|=|-1 1 0310
-1 1 1 -2 1/\6 0 0

Every row of the matrix on the left hand side corresponds to an irreducible
character x* and hence corresponds to one instance of the formula in Theo-

(111)

rem 2.2.7. For example, the sign character x satisfies

K1) — a(3) _ 9 a2 | (111

Importantly, this computation shows that the irreducible characters of the
symmetric group have integer values.
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The degrees of the irreducible characters of the symmetric group can be
calculated via the hook length formula.

Definition 2.2.9. Let A be a partition of n and (i, j) be the box in row i and
column j of the Young diagram of A. The hook H; ; is the set of boxes (7,") with
j'=jand (7,j) with i’ > i. The hook length h; ; is the number of boxes of H; ;.

Consider for example A = (54331). Then the grey boxes of the Young
diagram

are the hook Hj» and its hook length is hp» = 5.
We have the following theorem.

Theorem 2.2.10 (Hook length formula). Let A be a partition of n. Write (i,j) € A
if the Young diagram contains a box in row i and column j. Then we have

n!
[ jjenhij

Example 2.2.11. Consider the partition A = (431). We fill the box (i, j) of the
Young diagram of A with the hook length £; ;:

deg(x") =

311

Hence, the dimension of the irreducible character xy(*3V) is

8!
(431)y _ _
degX™ ) =i 314211 "°

We point out that our overview of the irreducible characters of the sym-
metric group is far from complete. It is not at all obvious why the irreducible
characters x can be ordered suitably and what the corresponding representa-
tions actually look like. Also, proving Young’s rule is not as straightforward
from the ordering of the irreducible characters of the symmetric group as this
treatment may make it look like. We refer the reader to [54, Chapter 2] for a
tull construction of the irreducible representations of the symmetric group.
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The key ideas that will also come up in later chapters are Young subgroups
and the decomposition of permutation characters that can be written as the
induction of the trivial character from a Young subgroup to the whole group.
We will consider interpretations of these characters in terms of suitably defined
tableaux and obtain generalisations of Young’s rule for them.



ASSOCIATION SCHEMES

In this chapter, we give an introduction to the theory of association schemes.
We define the basic concepts and give examples to illustrate them. Special
attention is paid to conjugacy class schemes which we will be working with
in Chapter 5.

The theory of association schemes is frequently dubbed "group theory with-
out groups”. In fact, Bannai and Ito give this as one possible description of
algebraic combinatorics in their famous book "Algebraic Combinatorics I:
Association Schemes" [5]. They go on to say that "the concept of association
schemes is very fundamental, perhaps the most important, in Algebraic Com-
binatorics". This is not an overstatement: Association schemes have proven
their usefulness by providing a common framework to study codes and de-
signs in many different settings. Once a problem can be stated in terms of
association schemes, one has a lot of powerful techniques available to study
it, including eigenvalue techniques, linear programming, graph theory and
representation theory.

We first provide a brief general introduction to the theory of association
schemes, giving examples and basic properties in Section 3.1. In Section 3.2,
we will focus on subsets of association schemes that are characterised by their
inner and dual distribution, giving rise to D-cliques and T-designs. These are the
fundamental objects studied in this thesis.

3.1 DEFINITIONS, EXAMPLES AND BASIC RESULTS

Here, we collect basic results about association schemes. We refer the reader
to [5] and [19] for extensive treatments of the theory. In what follows, the
symbol X always denotes a finite set with at least two elements.

Definition 3.1.1. An association scheme (with n classes) is a pair (X,R) of a
finite set X with |X| > 2 and a family of non-empty relations R = (R;);—o,.. »
subject to the following conditions.

(A0) R forms a set partition of X x X; that is, R; n Rj = for i # j and
n

Ri =X x X.
=0

1

(A1) Ry is the ‘identity’ relation; that is, Ry = {(x,x) € X x X | x € X}.
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(A2) R is closed under taking converses; that is,
R ={(y,x) e X x X | (x,y) € Ri} = R
for some j € {0, ..., n}.

(A3) Leti,j,ke{0,...,n}. If (x,y) € R, then the number pi.‘j of elements z € X
such that (x,z) € R; and (z,y) € R; only depends on i, j and k but not on
the choice of (x,y). In other words, we have

{ze X x X | (x,z) e Rjand (z,y) € Rj}| = pi-‘]-
for every x,y € X with (x,y) € Ry.
(A4) For every i,j, ke {0,...,n} we have pi-‘]. = p;‘l

The constants pi.‘]. are called the intersection numbers of the association scheme. If
RiT = Rj, then the intersection number p?]- is called the valency of the relation R;.

It is denoted by v; and we find
vi={ze X | (x,2) € Rj}|.

If RiT = R; for every i € {0,...,n}, then the association scheme is called
symmetric.

Before giving further definitions, we give two important examples of associ-
ation schemes.

Example 3.1.2. Let 1,k € IN with n > 2k and let X be the set of subsets of
{1,...,n} that have precisely k elements. The i-th relation R; is given by

Ri={(x,y) e XxX | |xny| =k—i}.

Then (X, (Ro, ..., Rg)) is a symmetric association scheme, called the Johnson
scheme J(n, k). We have |X| = (7).
The valency of the i-th relation is given by

(SO -000)

The Johnson scheme ](4,2) is depicted in Figure 3.1. The blue edges describe
relation Ry (they are the edges of the form (x, x)), the olive edges describe
relation R; (they are the edges between sets with exactly 1 element in common)
and the orange edges describe relation R, (they are the edges between disjoint
sets). Notice how we can read off the valencies of the scheme from its graph.
Every vertex has 1 blue edge, 4 olive edges and 1 orange edge. Hence, the
valencies of J(4,2) arevg =1, v1 =4 and v, = 1.
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Figure 3.1: The Johnson scheme ] (4, 2)

Any finite group with at least two elements gives rise to an association
scheme called the conjugacy class scheme. This is the scheme we will be studying
to investigate transitivity in the generalised symmetric group.

Example 3.1.3. Let G be a finite group with |G| > 2 and denote by Cy, Cy,
..., Cy its conjugacy classes where Cy = {e}. The i-th relation R; is given by

Ri={(gheGxG|g'heC}

Then (X, (Ry,...,Ry)) is an association scheme, called the conjugacy class
scheme. It is symmetric if and only if each conjugacy class is closed under
taking inverses. The valency of the i-th relation is given by v; = |C;|.

A convenient way to work with association schemes is by using matrices.
We first introduce some notation.

For finite and non-empty sets X and Y, let C(X,Y) denote the set of all
complex | X| x |Y| matrices with rows indexed by X and columns indexed by Y.
For a matrix A € C(X,Y) and x € X, y € Y, the (x,y)-entry of A is denoted
by A(x,y). If |Y| = 1, then we omit Y, so C(X) is the set of complex column
vectors indexed by X.

We can describe any relation R < X x X using a matrix A € C(X, X) given

by

1, if (x,y) eR,
Ax,y) = Y (3.1)
0, otherwise.

This is called the adjacency matrix of the relation.
The following is an equivalent definition of an association scheme using
adjacency matrices.

Definition 3.1.4. Let X be a finite set with |[X| > 2 and let Ry,..., R, € X x X
be non-empty relations on X. Let A; be the adjacency matrix of the relation R;.
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Then (X, (Ry, ..., Ry)) is an association scheme if the following conditions are
satisfied.

n
(A0") >, A; = ] where | denotes the all-ones matrix.
i=0

(A1) Ao = I where I denotes the identity matrix.

(A2') For every i€ {0,...,n} we have AT = Aj for some j € {0,...,n}.
n
(A3’) For every i,je{0,...,n} we have A;A; = kgo pi-‘]-Ak for some integers pi‘]

(A4") For every i,je {0,...,n} we have AjAj = AjA;.

These conditions are a direct translation of the definition of an association
scheme to the language of matrices. It follows from (A3’) that the vector
space A generated by the adjacency matrices of the relations of an association
scheme is closed under matrix multiplication. From (A4’), it follows that
multiplication in A is commutative. Finally, it follows from (AQ’) that the
dimension of A is n + 1. This algebra plays a central role in the theory of
association schemes.

Definition 3.1.5. Let (X, R) be an association scheme and let A; be the ad-
jacency matrix of the relation R;. The vector space A = spc(Ag,..., An)
generated by Ay, ..., A, over the complex numbers is called the Bose-Mesner
algebra of the association scheme.

Conditions (Al”) and (A2’) imply that A contains the identity matrix and
is closed under conjugate transposition. Thus, since A is commutative, all
matrices in A are normal and can be simultaneously diagonalised via a unitary
matrix U.

Now consider a matrix A € A with the maximum number of distinct
eigenvalues Ay, ..., A, across all matrices in A. Since A has dimension n + 1,
it is not hard to see that A must in fact have precisely 7 + 1 distinct eigenvalues.
Then D = U* AU is a diagonal matrix with the eigenvalues Ay, ..., A, on the
diagonal. The | X| x |X| matrix D defines a set partition P of X where the k-th
part contains all elements x € X such that D(x, x) = A.

Now let F; be the diagonal matrix given by

1, xebP,
Fk(X,X)Z -

0, otherwise.

Then the matrices Fy are idempotent and satisty FyF; = 0 for k # [ and we can
write

D = AgFy + ...+ AnFy.
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It is easy to see that each F; can be written as a linear combination of powers
of D, hence F; € U*AU for every k € {0, ...,n}. Thus, it follows that the matri-
ces Ex = UFU* are elements of A and are pairwise orthogonal idempotents.
Therefore, there exists a basis Ey, ..., E,; of A consisting of Hermitian matrices
with the property

ExE; = 65 Ex (3-2)

for every k,I € {0, ..., n}. The matrices Ey are the minimal idempotents of A.
We collect some properties of the minimal idempotents in the following
theorem.

Theorem 3.1.6. Let A be the Bose-Mesner algebra of an association scheme (X, R)
with n classes. Then there exists a unique basis Ey, . . ., E, of A consisting of pairwise
orthogonal idempotent matrices that are Hermitian. Moreover, they satisfy

n
1
Z Ex=1 and m] = Ey for some k € {0,...,n}
where 1 is the | X| x | X| identity matrix and ] is the |X| x |X| matrix whose entries
are all equal to 1.

Without loss of generality, we can assume that Eg = |1y| J. Notice that since
the matrices E are Hermitian and idempotent, they are positive semidefinite.
If x € C'XI, then we have

x*Epx = x*ExEgx = x*EfExx = (Exx)™ (Exx) = 0.

Notice that there are many striking similarities between the canonical bases
Ao, ..., Ay and Ey, ..., E,. Table 3.1 shows some of their properties. Here,
we denote by o the Hadamard product of matrices, that is the componentwise
multiplication. The numbers qi-‘]- are called Krein parameters of the association

scheme.
A; Ej
Ag=1 % ]

n n

DA =] Z =1

i—0

A;o A] = 51]A1 EkEl = O Ex
n n
Aj= >, PZAk EioEj= X QZEk

k=0 k=0

Table 3.1: Properties of the adjacency matrices and the minimal idempotents
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Let Vi be the column space of E;. From (3.2), the spaces V; are pairwise
orthogonal and

C(X) =PV (3.3)
k=0

The spaces V are called the eigenspaces of the association scheme because they
are the common eigenspaces of the matrices A;. The numbers my = dim(Vy) =
rank(Ey) are called the multiplicities of the association scheme. We also note
that the idempotent Ej is the orthogonal projection onto V.

Since both Ay,..., A, and Ey, ..., E, are bases of A, we can transform one
into the other using a linear transformation. Therefore, there exist complex
numbers P;(k) and Qy (i) (k,i € {0, ..., n}) such that

A; = > Pi(k)E; (3-4)
k=0
and
1 < _
Ex X ;) Qx(i)A;. (3-5)

The numbers P;(k) are called eigenvalues of the association scheme and the
numbers Qy(i) are called dual eigenvalues of the association scheme. We will
later see that these numbers are of utmost importance in the coming chapters,
especially when dealing with designs.

The justification for the name eigenvalues is the following. Multiplying (3.4)
by Ey, we obtain

A;E; = P.(k)Ey.

Hence, P;(k) is an eigenvalue of A; and every column of Ej is an eigenvector.
Similarly, we can multiply (3.5) componentwise by A; and obtain

AjoEy = %Qk(i)Ai-
Thus, the entries of the matrix Ej are precisely the dual eigenvalues Qx(i)
divided by | X|.
We collect the eigenvalues in the P-matrix P = (P;(j)); j=o,..,.» and the dual
eigenvalues in the Q-matrix Q = (Q;(j))ij=o0,...n
The following theorem gives some properties of the (dual) eigenvalues.

Theorem 3.1.7. Let (X, R) be an association scheme and let P;(k) and Qy (i) be its
(dual) eigenvalues. Then we have
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(a) Py(k) =1 for every k,

(b) Qoli) = 1 for every i,

(c) P;(0) = v for every i,

(d) Qx(0) = my for every k,

(e) The P-matrix and the Q-matrix satisfy PQ = | X|I.

Notice that for a symmetric association scheme, the matrices A; are sym-
metric and thus have real eigenvalues. Hence, by Theorem 3.1.7, the dual
eigenvalues of a symmetric association scheme are also real.

Example 3.1.8. Consider the Johnson scheme [(4,2). We order the subsets in
the following way:

{1,2},{1,3},{1,4},{2,3},{2,4}, {3, 4}

The adjacency matrices of the Johnson scheme ](4,2) are given by

100000 011110
010000 101101
1 11 11
Ay = 00 000’ A = 00 ’
000100 110011
000010 101101
0 00O0O0T1 011110
0 00O0O0T1
000O0T1PO
Ay = 000100
0010O0O0
010000
100000

The eigenvalues of Ag are 1,1, 1,1, 1, 1, the eigenvalues of A; are 4, -2, -2,
0, 0, 0 and the eigenvalues of A are 1,1, 1, —1, —1, —1. The decomposition of
C®% into common eigenspaces is

1 1 0 1 0 0
1 0 0 1 0
= pe e L) P
1 -1 -1 0 0 -1
1 0 0 -1 0
1 1 0 -1 0 0
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Thus, we find

1 1 1
P=14 -2 0
1 1 -1

We get the dual eigenvalues by computing

1 1 1
Q=|XIPt=|2 -1 2
3 0 -3

Notice that all entries in the first row are equal to 1 and the entries in the first
column are the dimensions of the common eigenspaces.

The minimal idempotents can now easily be obtained from the dual eigen-
values. Using (3.5), for (x,y) € R; we have

1
Ex(x,y) = ka(l)- (3.6)
We find
111111 2 -1 -1 -1 -1 2
111111 1 2 -1 -1 2 -1
1 11-1 = -1 —
Eo=—111111,E1=—112211,
61111111 1 -1 2 2 -1 -1
111111 -1 2 -1 -1 2 -1
111111 2 -1 -1 -1 -1 2
3 0 0 0 0 -3
0 3 0 0 -3 0
11 o o 3 0 0
Ey=_
61 0 0 -3 0 0
0 -3 0 0 3 0
3 0 0 0 3

Notice that the traces of these matrices equal their rank and thus are equal to
the multiplicities m; because the matrices are idempotent.

We now focus on the conjugacy class scheme. Its eigenvalues and dual
eigenvalues can be given in terms of irreducible characters.
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Theorem 3.1.9. Let G be a finite group with conjugacy classes Co = {e},C1,...,Cy
and irreducible characters xo, X1, - - -, Xn- Denote by xx(C;) the value of the character
Xk on the conjugacy class C;. Then the eigenvalues are given by

G| ——
Pi(k) = des () xk(Ci)

and the dual eigenvalues are given by

Qk (i) = deg(xx) xx(Ci)-

Example 3.1.10. Let us come back to the symmetric group S3 with conjugacy
classes Cyp = {id}, C; = {(1,2),(1,3),(2,3)} and C; = {(1,2,3),(1,3,2)}. We
have seen in Example 2.1.26 that the character table of S3 is given by

Co C G
x® 11 1 1
X% 2 0 -1
xM 1 -1 1

where we use the standard indexing of the irreducible characters of the
symmetric group using partitions. From Theorem 3.1.9, we find that the
character table is almost the Q-matrix. We just have to multiply the row
indexed by x* by deg(x") which is equal to x*(Cy) and obtain

1 1 1
Q=14 0 -2
1 -1 1

We can now either invert Q to obtain the eigenvalues or use the formula from
Theorem 3.1.9.

3.2 CODES AND DESIGNS IN ASSOCIATION SCHEMES

We now investigate subsets of association schemes. The key observation is
that objects that have nice combinatorial properties can often be characterised
using properties of an association scheme. In his thesis from 1973 [19], Delsarte
showed how well-studied objects like error-correcting codes can be charac-
terised as special subsets of an association scheme, especially the Hamming
scheme and the Johnson scheme. He called these subsets cligues and designs
and demonstrated that these definitions also yield interesting combinatorial
structures in other association schemes. In fact, in their paper from 1998 [22],
Delsarte and Levenshtein point out that "in coding theory and related subjects,
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an association scheme |[...] should mainly be viewed as a "structured space"
in which the objects of interest (such as codes, or designs) are living".

We now give the relevant definitions that describe these objects of interest.
In this section, (X, R) is always an association scheme with n classes.

Definition 3.2.1. Let Y < X be a non-empty subset. The inner distribution of Y
is the tuple a = (a, ..., a,), where

1
a; = m 2 Ai(x,y). (3-7)

x,yeY

For a subset Y < X, we denote by 1y € C(X) the characteristic vector of Y,
that is

1, xeY,
Ly(x) =

0, otherwise.

With this notation, the inner distribution of a subset Y can also be written as

1 7 _\(YxY)mRi|

The following properties of the inner distribution are immediate.
Lemma 3.2.2. Let Y < X and (ay, ..., ay) be its inner distribution. Then:
(@) a; = 0 foreveryie {0,...,n}
(b) ap =1
() apg+...+an=1Y]

For an element x € X, the entry a; is the average number of elements y € Y
such that (x,y) € R;. In particular, we have a; = 0 if and only if no elements
of Y are in relation 7 to each other. This interpretation is particularly useful if
the relations are defined by a metric.

The inner distribution has a nice interpretation in terms of coding theory
and the Hamming metric. Let us define these notions.

Let A be a non-empty finite set, called an alphabet. An element of A" is
called a word over A of length n. We can measure the distance between two
words x,y € A" via

dx,y) = Hie {l,...,n} [ xi # yi}]-

Then d : A" x A" — {0,...,n} is a metric, called the Hamming metric. An
error-correcting code C of length n over A is a non-empty subset of A”. The
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elements of C are called codewords. The code C has minimum distance d if we
have d(x,y) > d for any two distinct codewords x,y € C. Remembering our
intuition about the word code from the introduction, we see that an error-
correcting code is a set of words that are ’far apart’ in the Hamming metric
(that is, any two distinct codewords differ in at least d positions). For a more
detailed introduction to coding theory, we refer the reader to [44].

The idea is the following: For every codeword c € C, we can consider the
ball of radius r in the Hamming metric defined by

Bi(c)={xe A" | d(x,c) <r}.

If an error-correcting code C has minimum distance d, then the balls B, (c)
of radius r < (d — 1)/2 are disjoint for distinct codewords. Hence, if at most
(d —1)/2 entries of a codeword are altered, then we can uniquely identify the
original codeword.

We can give a direct interpretation of error-correcting codes and the inner
distribution using the Hamming scheme.

Example 3.2.3. Let A be an alphabet of size g (not necessarily a prime
power) and n € IN. The Hamming scheme is the association scheme H(n,q) =
(A", (R, ..., Ry)) where the i-th relation is given by

Ri={(x,y) e A" x A" | d(x,y) = i}.

If g is a prime power, we assume that A = IF; is the finite field of order . A
nice way to visualise the binary Hamming scheme is using the n-dimensional
hypercube. Its vertices are the elements of {0,1}" and two vertices are joined
by an edge if and only if their Hamming distance is 1.

010 110 111
AN /
011 —— 111
o
001 —— 101
/ AN
000 100 000

Figure 3.2: The Hamming Scheme H(3,2)

Two elements x,y € {0,1}" have Hamming distance k if and only if the
shortest path from x to y in the hypercube has k edges.
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An error-correcting code C over the alphabet A with length 7 and minimum
distance d is a subset of the Hamming scheme and its inner distribution is

a=(1,0,...,0,a4,a4,1,...,0,)

for some non-negative integers a;. Note that a; = 0 if and only if no two
elements x,y € C are in relation i to each other. Since the i-th relation of the
Hamming scheme is given by Hamming distance i, any subset of A" that has
the above inner distribution is an error-correcting code of minimum distance
d’ > d. Note that we do not assume that a; # 0.

This suggests the following definition.

Definition 3.2.4. Let D < {1,...,n} and Y be a non-empty subset of X. Then
Y is called a D-clique if

a; =0 foreveryie{1,...,n}\D.

It is a convention to denote by D the subset of positions where the inner
distribution can be non-zero. We do not assume that a; # 0 for every i € D. A
D-clique is also called a D-code, especially in association schemes that come
from a metric.

Example 3.2.5. An error-correcting code over IF; of length 7 and minimum
distance d is a {d,d + 1, ...,n}-clique in H(n,q). For example for q = 2, the
set C of solutions to the system of linear equations Ax = 0 where

1001011
A=10101101
0011110

is an error-correcting code of length 7 and minimum distance 3. It belongs to
the family of Hamming codes and we have

C = {0000000, 1100001,1010010, 1001100,
1111111,0011110,0101101,0110011,
0110100,0101010, 0011001, 0000111,
1001011, 1010101, 1100110, 1111000}.

The inner distribution of C in the scheme H(3,2) is
a=(1,0,0,7,7,0,0,1).

Hence, C is a {3,4,5,6,7}-clique. It is also a D-clique for every D 2 {3,4,7}.
From the inner distribution, we can deduce that any two distinct codewords
have Hamming distance 3, 4 or 7.
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The inner distribution has a nice interpretation when the relations of an
association scheme are given in terms of a metric. This is not always the
case but we will see that the definition of a D-clique also gives interesting
combinatorial structures in other association schemes.

Having found a way to study codes in the language of association schemes,

we now seek a way to study designs in the language of association schemes.

We need the following definition.

Definition 3.2.6. Let Y < X be a non-empty subset. The dual distribution of Y
is the tuple a’ = (ay, ..., a},), where

X
x,yeY

Using characteristic vectors and writing the idempotents in terms of the
adjacency matrices according to (3.5), we arrive at the following alternative
way to compute the dual distribution of a subset Y.

ay = IX] YEklly = Z Qx (i) (3.9)

Hence, the dual distribution is a linear transform of the inner distribution,
also called the Q-transform of the inner distribution. Thus, knowledge of the
dual eigenvalues Q(i) is crucial for computing the dual distribution.

The dual distribution has properties similar to the inner distribution.

Lemma 3.2.7. Let Y < X and (ay, ..., a},) be its dual distribution. Then:
(a) ai =0 for every i€ {0,...,n}
(b) ap = Y]
(c) ag+...+a, = |X|

We give a proof of the non-negativity of the dual distribution because it
also gives insight into when an entry is equal to 0. Recall that the matrices Ej
are Hermitian and calculate

% = 1yEgly = 13EEly = ||Elly|% (3.10)
Recall that the columns of Ej span the eigenspace Vj. Since
Exly = (IVE)" = (IyEx)",

it follows from (3.10) that the case a; = 0 occurs if and only if 1y is orthogonal
to Vk-
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It turns out that just like error-correcting codes have zeroes in their inner
distribution in the Hamming scheme, block designs have zeroes in their dual
distribution in the Johnson scheme. However, this is not as straightforward to
see as it is for codes in the Hamming scheme.

Example 3.2.8. Consider the Fano plane from Figure 1.1. It is a 2-(7,3,1)
design with blocks

123,147,156,246,257,345, 367.

We can interpret the blocks as a subset Y of the Johnson scheme J(7,3). The
inner distribution of Y is given by

a=(1,0,6,0).

Any two distinct blocks of the Fano plane intersect in a unique point so the
inner distribution only has two non-zero entries.

The dual eigenvalues can be computed from the adjacency matrices of
the Johnson scheme but as they are of size 35 x 35, we will not present the
calculation here. Instead, we use an explicit formula for the eigenvalues of the
Johnson scheme (see [19, Theorem 4.6]), given in terms of Eberlein polynomials.
We find that the Q-matrix of J(7,3) is

1 1 1 1

5 9

o-| 6 2 1 =
14 0 -% 7

7 7 7

4 -3 3 -3

Thus, the dual distribution of Y is

1 1 1 1)\/(1 7
5 9
dooa=| & 2 71 2||0|_
14 0 -3 7]|6
7 7 7
14 -2 72 -2J\0 28

Notice that 4} = a5 = 0.
This suggests the following definition.

Definition 3.2.9. Let T < {1,...,n} and Y be a non-empty subset of X. Then
Y is called a T-design if

a, =0 for every ke T.
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Note that we do not require that a; # 0 for k € {1,...,n}\T. It follows that a
T-design is also a T’-design for every subset T" < T.

Using this language, the Fano plane is a {1, 2}-design in the Johnson scheme
J(7,3) (and it is also a {1}-design and a {2}-design).

While the inner distribution is defined in terms of counting pairs which
gives a combinatorial interpretation of the entries, there is no immediate
combinatorial interpretation of the entries of the dual distribution. Zeroes in
the dual distribution of a set Y correspond to orthogonality of the characteristic
vector 1y to some eigenspaces, but the actual combinatorial interpretation of
T-designs varies greatly.

Let us illustrate this through some examples. First, we give a characterisation
of designs in the Johnson scheme.

Theorem 3.2.10. Let Y be a subset of the Johnson scheme J(n, k) with dual distri-
bution a’ = (ay,...,a;). Then Y isa {1,...,t}-design if and only if Y is a t-(n,k, A)
block design for some constant A.

Proof. We give a proof based on a proof by Delsarte [19, Theorem 4.7]. It uses
incidence matrices that we will also encounter in Chapter 5.

Let M; be the incidence matrix between f-subsets and k-subsets of {1, ...,n}.
The entry indexed by a t-set A and a k-set B is given by

1, if AcC B,
M;(A,B) =

0, otherwise.

Then a set Y consisting of k-subsets of {1, ...,n} is a t-(n,k, A) block design if
and only if

M;-1y =A- 1 (3.11)

where 1; denotes the all-ones vector indexed by all t-subsets of {1,...,n}.
Every row of the matrix product M; - 1y is indexed by a t-subset A and
evaluates to the number of subsets in Y that contain A. Hence, Y is a t-design
if and only if M; - 1y is a multiple of the all-ones vector.

For the all-ones vector 1; indexed by all k-subsets of {1,...,n}, we have
M; -1 = (}~}) - 1. Hence, we can rewrite Equation (3.11) as

My - (ILY — % . Ilk> =0. (3.12)

k—t

Now consider the matrix C; = M/ M;. Then ker(C;) = ker(M;), so Equa-
tion (3.12) is equivalent to

(h_ A ﬂk) o (513)
—t
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Delsarte shows that the matrix C; is a linear combination of the orthogonal
idempotents Ey, . .., E; with non-zero coefficients. Hence, Equation (3.13) holds
if and only if

E;- <]ly - % : ]1k> =0 foreveryie{0,...,t}. (3.14)
(k=)
For i > 0, we have E; - 1; = 0, so Equation (3.14) reduces to E; - 1y = 0. From
(3.10), we find that this is equivalent to a} = 0. For i = 0, we have Ey = (}) 1
where | denotes the all-ones matrix and the equation reduces to a well-known
identity on the parameters of block designs.

Hence, Y is a t-design if and only if ] = ... = a; = 0, hence if and only if it
isa {1,...,t}-design. O

Using Theorem 3.2.10, we could have deduced the dual distribution of
the Fano plane without computing the dual eigenvalues. Since the Fano
plane is a 2-(7,3,1) block design, its dual distribution must satisfy a] = a5 = 0.
Furthermore, we know that aj = |Y| and a, + a} + a5 + a = |X| by Lemma 3.2.7.
As the Fano plane has 7 blocks and the base set of the Johnson scheme J(7,3)
has 35 elements, we deduce that the dual distribution must be 2’ = (7,0, 0, 28).

Next, we give a characterisation of designs in the Hamming scheme. Before
we can do so, we need a definition.

Definition 3.2.11. Let A be an alphabet of size g (not necessarily a prime
power) and let t,n € IN with ¢t < n. An orthogonal array of strength t is a
non-empty subset Y of A" (which we interpret as an array with |Y| rows and
n columns) such that the restriction of Y to any ¢ columns contains every
element of A! exactly |Y|/|A|' times. The number |Y|/|A|" is called the index
of the orthogonal array.

Example 3.2.12. The matrix

_ = O O
_ o = O
S = = O

is an orthogonal array of strength 2. Every two columns contain the elements
00, 01, 10 and 11 precisely once.

In general, orthogonal arrays are T-designs in the Hamming scheme.

Theorem 3.2.13. Let Y be a subset of the Hamming scheme H(n,q) with dual
distribution a’ = (ap, ...,ay). Then Y is a {1,...,t}-design if and only if Y is an
orthogonal array of strength t with |Y| rows and n columns.
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Notice that this once again agrees with our intuition that a design in an
association scheme is a structure with a property of ‘even coverage’. An
orthogonal array covers each possible t-tuple in any set of t coordinates
constantly often.

Example 3.2.14. Coming back to the previous example, we can compute the
inner and dual distribution. Let Y = {000,011, 101, 110}, then Y is a subset of
the Hamming scheme H(3,2). The inner distribution of Y is

a=(1,0,3,0)
and the dual distribution of Y is
a = (4,0,0,4).

Calling a {d,d +1,...,n}-code a d-code and a {1, ..., t}-design a t-design in
the Hamming scheme, we see that Y is both a 2-code and a 2-design.
Furthermore, we remark that the Hamming code from Example 3.2.5 is
both a 3-code and a 3-design. The 16 codewords form an orthogonal array of
strength 3. It follows that its dual distribution satisfies a} = a;, = a5 = 0.
We will see in Section 5.6 that subsets which are both codes and designs are
very special and their distributions are sometimes completely determined.

We will encounter orthogonal arrays again when we construct designs in
the generalised symmetric group (see Proposition 5.7.1).

One can also give an interpretation of T-designs in the conjugacy class
scheme of the symmetric group. However, we will not do so immediately but
do so in the next chapter. We give the characterisation in more detail because
the techniques used as well as the results can be thought of as a template for
the investigation in later chapters.

For future reference, we state a formula for the dual distribution in the
conjugacy class scheme of an arbitrary group G that is easily obtained from
Theorem 3.1.9. Denote by xo, ..., x» the irreducible characters of G. Then the
k-th entry of the dual distribution a’ of a non-empty subset Y < G is given by

d
a = %Ta‘) DT xxMy). (3-15)

x,yeY
We remark that the definition of T-designs yields very different combina-
torial structures depending on the specific association scheme. Both block
designs and orthogonal arrays are versatile structures with many applications
that have been (and still are) studied extensively. In the language of association
schemes, they are the same thing: T-designs where T = {1,...,t}. It is our
belief that the definition of T-designs in association schemes both captures

49



50

ASSOCIATION SCHEMES

important already existing combinatorial structures and at the same time gives
rise to new ones. While there is no general combinatorial interpretation of
T-designs in association schemes, the following quote from Delsarte’s thesis
[19, p. 33] describes the situation perfectly.

"In general, we can give no clear "combinatorial” interpretation for
the concept of a T-design. However, as we shall see [...|, some T-
designs in the Hamming and Johnson scheme are among the most
classical combinatorial configurations. This motivates the present
general definition, the "conjecture" being that T-designs will often
have interesting properties."

Motivated by this, our main focus in this thesis are T-designs in the gener-
alised symmetric group and the perfect matching association scheme.

The following is a comparison between the inner and the dual distribution,
highlighting their similarities and the notion of duality in association schemes.

inner distribution dual distribution
ai = 1% Ai 1y a, = %]@E,{ Ty
a; >0 @, =0
ag =1 ap =1Y|
ag+...+a, =|Y] ag+...+a, = |X]|
zeroes in a define D-code | zeroes in a’ define T-design

Table 3.2: Properties of the inner and the dual distribution

3.3 LINEAR PROGRAMMING

We end this chapter with a short introduction to linear programming. Linear
programming yields powerful methods to obtain bounds on the sizes of
codes and designs in association schemes. These methods were introduced
by Delsarte [19]. We have seen that the structure of an association scheme,
specifically the inner distribution and the dual distribution, provides a useful
framework to study codes and designs. The fact that both distributions are
non-negative and linear transforms of each other is what enables the use of
linear programming.

In coding theory, the central topic is balancing good error-correction and
being able to transmit a lot of data. A higher minimum distance of a code
yields better error-correction properties but it also limits how big a code
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can be. Hence, we are interested in upper bounds on the size of codes in
terms of the minimum distance. We first introduce some terminology of linear

programming and then present Delsarte’s famous linear programming method.

We refer the reader to [55] and [64] for an extensive introduction to linear
programming.

Definition 3.3.1. Let A € R™*", b € R" and ¢ € R". Then the primal linear
program (primal LP) is the problem of finding a vector x € R" such that c’x

is maximal under the constraints Ax < b and x > 0. We write this linear
program in the following way:

max clx

xelR"

s.t. x=0 (3.16)
Ax <b

Tx is called

Here, x > 0 means x; > 0 for every i € {1,...,n}. The map x — ¢
the objective function. A vector x € R" satisfying the constraints x > 0 and
Ax < b is called a feasible solution. The linear program is called bounded if
cTx is bounded over all feasible solutions x. Otherwise, the linear program is
called unbounded. If the linear program is bounded, then a feasible solution x*
is called optimal if cTx < cTx* for every feasible solution x. The value cTx* for
an optimal solution x* is called the optimum of the linear program.

Every primal linear program has a dual. Let again A € R"™*", b e R™ and
c € R". Then the dual linear program (dual LP) is the problem of finding a
vector y € R"™ such that bTy is minimal under the constraints ATy > ¢ and

y = 0. We write this linear program in the following way:

. bT
m
s.t. y=0 (3.17)
ATy =>c

The terms objective function, feasible solution, bounded, unbounded and
optimal solution are defined analogously to the primal linear program.

It is clear that an equality v”x = d for some v € R" and some constant d € R
can be split into two inequalities v’ x < d and v’ x > d. Similarly, an inequality
vTx > d is equivalent to an inequality (—v)Tx < —d. Hence, we will also use

equations and inequalities with both < and > when writing down a linear

program. We can always transform such a linear program into the form (3.16).

Remark 3.3.2. The number of variables x; of the primal LP is equal to the
number of inequalities ATy > ¢ of the dual LP. Similarly, the number of
variables y; of the dual LP is equal to the numbers of inequalities Ax < b of
the primal LP.
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There is a beautiful notion of duality in the theory of linear programming.
It says that the optima of the primal and the dual linear program are related.
We have the following theorem.

Theorem 3.3.3 (Weak duality). If x is feasible for the primal linear program (3.16)
and y is feasible for the dual linear program (3.17), then

cTx <bly.
In particular, the optimum of the primal LP is bounded by the optimum of the dual
LP and vice versa.

For linear programs, there is an even stronger notion called strong duality.

Theorem 3.3.4 (Strong duality). If the primal LP (3.16) has an optimal solution x*,
then the dual LP (3.17) has an optimal solution y* such that

CTX* _ bTy*

We now set up the linear programs for cliques and designs, first studied by
Delsarte in [19, Section 3.2].

Let (X, R) be a symmetric association scheme with 7 classes and let P and Q
be the matrices of (dual) eigenvalues. Since (X, R) is symmetric, all adjacency
matrices of the relations are symmetric and thus have real eigenvalues. Hence,
P and Q = |X|~'P~! are real matrices.

Let Y < X be a non-empty subset of X and let a be its inner distribution.
Recall that by Lemma 3.2.2, we havea > O and ap +...+a, = |Y|. If Yisa
D-clique for some subset D < {1,...,n}, then we additionally have a; = 0
for every d € {1,...,n}\D. Furthermore, we have that the dual distribution
a’ = Qa of Y is a linear transform of a and non-negative by Lemma 3.2.7. Thus,
writing 1T = (1,...,1) e R™*1, we see that the inner distribution of a D-clique
is a feasible solution to the following linear program:

max 1Tx = xg+ ...+

xeR"H
s.t. xo=1
x;=0forie{l,...,n\D (3.18)
x; =>0forie D
Qx =0

Notice that without the condition Qx > 0, the linear program (3.18) is
unbounded.
We can now state Delsarte’s linear programming bound (see [19]).
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Theorem 3.3.5. Let (X, R) be a symmetric association scheme with n classes and let
D c {1,...,n}. Then the linear program (3.18) has at least one feasible solution and
is bounded. Moreover, if LP(D) denotes the optimum of the linear program (3.18) and
Y < X is a D-clique with inner distribution a = (ay, . ..,ay,), then (ag,...,a,) is a
feasible solution of (3.18) and we have

Y| < LP(D).

We call this the linear programming bound for cliques and codes.

Notice that we can only set up the linear program (3.18) if Q is real. This is
the case for symmetric association schemes. If we wanted to apply the linear
programming method to non-symmetric association schemes whose eigen-
values can be complex, we would have to define a different linear program
involving real and imaginary parts. However, we do not need that in this
thesis.

A nice application of the linear programming method is the clique-coclique
bound. Its proof uses the linear programming bound (see [19, Theorem 3.9] for
details).

Theorem 3.3.6. Let (X, R) be an association scheme, D < {1,...,n} and D =
{1,...,n}\D. If Y < X isa D-cliqueand Z < X isa [3—clique, then

Y]-12] < [X].

Example 3.3.7. The orthogonal array

_ = O O
_ O = O
S =P = O

from Example 3.2.12 has inner distribution 2 = (1,0, 3,0). Hence, it is a {2}-
clique in H(3,2). Since the base set of H(3,2) has 8 elements, it follows from
Theorem 3.3.6 that a {1, 3}-clique in H(3,2) can have no more than 2 elements.
In other words, a set of codewords in IF5 such that any two distinct codewords
have Hamming distance 1 or 3 can have no more than 2 elements. Any pair of
binary words of Hamming distance 1 or 3 is an example of a {1, 3}-clique.

We can also set up a linear program for T-designs. Let Y < X be a non-empty
subset of X and let a’ be its dual distribution. Recall that by Lemma 3.2.7,
we have a’ > 0 and aj + ... +4a), = |X|. If Y is a T-design for some subset
T < {1,...,n}, then we additionally have a; = 0 for every t € T. Furthermore,
we have that the inner distribution a = Q7 'a’ = |X|7'Pa’ of Y is a linear
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transform of 4’ and non-negative by Lemma 3.2.2. We also have a, = |Y|. Thus,
writing 17 = (1,...,1) € R"*!, we see that the dual distribution a’/|Y| of a
T-design scaled by |Y] is a feasible solution to the following linear program:

max 1Tx = xg+...+x,

xeR"H
s.t. xo=1
x;=0forieT (3.19)
x;=0forie{l,...,n}\T
Px >0

We can now state Delsarte’s linear programming bound for designs.

Theorem 3.3.8. Let (X, R) be a symmetric association scheme with n classes and let
T < {1,...,n}. Then the linear program (3.19) has at least one feasible solution and
is bounded. Moreover, if LP(T) denotes the optimum of the linear program (3.19) and
Y < X is a T-design with dual distribution a’ = (ay, ..., a},), then ﬁ(%,. ., a)) s
a feasible solution of (3.19) and we have

| X|
2L < LP(T).
Y|

Rearranging, we obtain the lower bound

|X]
Y= o
for the size of a T-design.
We call this the linear programming bound for designs.

Example 3.3.9. Consider again the orthogonal array

_ = O O
_ O = O
S = = O

from Example 3.2.12. We have Y = {000,011,101, 110}, so |Y| = 4 and the dual
distribution of Y is a’ = (4,0,0,4). The scaled dual distribution is

ﬂ/

— =(1,0,0,1).

Y
In order to set up the linear program for T-designs in H(3,2), we need the
eigenvalues. The eigenvalues of the Hamming scheme are given in terms of
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Krawtchouk polynomials (see [19, Theorem 4.2]). We find that the P-matrix of
H(3,2)is

1 1 1 1
p_ 3 1 -1 -3
3 -1 -1 3
1 -1 1 -1

Thus, we can set up the linear program (3.19) for T = {1,2}:
max X+ X1 + X2 4+ x3
s.t. xo=1
x1=0
X =0
x3 =0

Px =0

We see that x3 is the only variable with an inequality constraint. Comparing
the first and last columns of P, we see that the constraint Px > 0 implies
x3 < x9 = 1. Hence, the linear program has a unique optimal solution (1,0,0, 1)
with optimum 2. It follows from Theorem 3.3.8 that any {1,2}-design D in
H(3,2) satisfies
8
D| > 5= 4.

This should not come as a surprise because by Theorem 3.2.13, a {1, 2}-design
in H(3,2) is an orthogonal array of strength 2. Since any two columns of such
an array must contain the 4 vectors 00, 01,10, 11, it is clear that a {1,2}-design
must have at least 4 elements, agreeing with the linear programming bound.
Furthermore, note that by strong duality (Theorem 3.3.4), the dual linear
program also has an optimal solution and the optimum is the same.

In general, the linear programming method is a powerful tool to deduce
results about the existence and non-existence of cliques and designs. For
example, if the above linear program had an optimum strictly smaller than 2,
then we could have deduced |Y| > 4. This would have implied that there are
no non-trivial orthogonal arrays of strength 2 with 3 columns and entries 0
and 1 (that is the only orthogonal array would have been the trivial array
containing all binary words of length 3).

This shows how linear programming can be used to show the non-existence
of combinatorial structures. Furthermore, it shows that it is fruitful to rephrase
combinatorial problems in the language of association schemes because this
gives access to the linear programming method.
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CODES AND DESIGNS IN THE
SYMMETRIC GROUP

In this chapter, we give an overview of well-established results about subsets
of the symmetric group with interesting combinatorial properties. They turn
out to be cliques and designs in the association scheme of the symmetric
group.

We first describe the association scheme of the symmetric group in more
detail, specialising results from the previous chapters to the symmetric group.
Then, we briefly show how error-correcting codes in the symmetric group can
be understood in the context of association schemes. Finally, we investigate the
connection between transitive subgroups and designs in the symmetric group.
Many of our original contributions deal with generalisations and analogues of
the results about designs in the symmetric group.

4.1 THE ASSOCIATION SCHEME OF THE SYMMETRIC GROUP

We start by examining the association scheme of the symmetric group in more
detail. It is the conjugacy class scheme of the group S,.

Recall that the conjugacy classes of the symmetric group correspond to
the cycle types. The cycle type of a permutation ¢ € S, is a partition A of n
and there exists a bijection between the conjugacy classes of the symmetric
group and the partitions of n. Thus, the relations, the adjacency matrices, the
eigenvalues, the inner distribution and the dual distribution are indexed by
the partitions of n. The trivial character 15, of the symmetric group is the
irreducible character x(") indexed by the partition (n).

Notice that the identity id € S, is the only permutation of cycle type (1").
Hence, the partition (1") indexes the conjugacy class {id} and the relation
R(1ny plays the role of the relation R.

Further, note that even though both the conjugacy classes and the irreducible
characters are indexed by the partitions of n, there is a difference in which
partition indexes the trivial conjugacy class and character. The partition (1")
indexes the trivial conjugacy class but the partition (n) indexes the trivial
character. This is an effect of the many duality properties in association
schemes, see for example Table 3.1 and Table 3.2.
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The eigenvalues of the conjugacy class scheme are given in Theorem 3.1.9.
We find that

|Cyl
deg(x*)
for every A, u - n. We know from Theorem 2.2.7 that the irreducible characters
of the symmetric group are integer-valued, hence we can ignore the complex

Pu(A) = x"(Cy) and  Qu(p) = deg(x") x"(Cy)

conjugation in Theorem 3.1.9.
We specialise some results from Chapter 3 to this particular association
scheme.

Lemma 4.1.1. Let A,y = n and let Py(A) and Q,(u) be the eigenvalues and dual
eigenvalues of the conjugacy class scheme of the symmetric group. Then we have

(@) Pan(A) =1,

(0) Quy(n) =

(©) Pu((n)) = [Cyl,

(d) Qa((1") = deg(x*)*.

Using the dual eigenvalues, we can write down the minimal idempotents.
We find that the idempotent E, € C(S;, S;,) is given by

deg(x") A

=X eT ),

Ex(o,T) =

In particular, since X(”) = 1g, is the trivial character, we find

1

E(TZ) (‘T’ T) = m/

so that E;) is the idempotent |17| J that is in general called Ey.
For a non-empty subset Y < S, the dual distribution a’ of Y is given by

deg
/

o,TeY

If the subset Y is a subgroup of Sy, then the product c~!7 yields every element
of Y precisely |Y| times as ¢ and 7 run through the elements of Y. Hence, the
formula for the dual distribution simplifies to

), = deg(x 2 X ( (4.1)

oeY

Notice that

(n) m Z 1=1v],

o,TeY

again agreeing with the partition (1) indexing the trivial character.
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4.2 PERMUTATION CODES

In this section, we briefly look at so called permutation codes. Here, two permuta-
tions are ‘close’ to each other if they agree on many elements. See [7] for more
information on permutation codes and [62] for a treatment of permutation
codes using the theory of association schemes.

Theorem 4.2.1. The map

d:5, x5, —{0,...,n}, d(o,t)={ie{l,...,n}|o(i) # (i)}
defines a metric on the symmetric group. It holds that

d(o,7) = n — |[Fix(c™11)|
for every o, T € Sy,.

We call the metric d the fixed point metric. Writing a permutation ¢ as a tuple
(0(1),...,0(n)), we see that the fixed point metric is equal to the Hamming
distance on the set of tuples with # entries from the set {1, ..., n} all of which
are pairwise distinct. Since d is a metric, we can define error-correcting codes
in the usual way: A subset C < S, is called a d-code if any two distinct
permutations in C have at least distance d.

Note that we can read off the distance between two permutations ¢, T € S,
from the cycle type A of o~ !t. The fixed points of c~!1 correspond precisely
to the 1s in the partition A. The number of 1s in A is equal to /\’1 - ’2, SO we
find

do,7)=d <= A —Ay=n—d.

In other words, two permutations have distance at least d if and only if the
cycle type of o~!7 has at most n — d 1s. The distance between two permu-
tations depends only on the cycle type of ¢~ 1. Hence, we can understand
permutation codes as D-cliques in the association scheme of the symmetric

group.

Theorem 4.2.2. Let C be a non-empty subset of S, and let d € {1,...,n}. Let
D < Pary, be the set of all partitions of n with at most n — d 1s. Then

Cis a d-code < C isa D-clique.

This result allows using Delsarte’s linear programming method (Theo-
rem 3.3.5) to obtain bounds on the size of permutation codes.
A well-known upper bound for the size of permutation codes is the follow-
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Theorem 4.2.3 ([7, Sec. I1]). Letd € {1,...,n} and let Y < S,, be a d-code. Then

n!
(d—1)!

Y] < =n-(n—-1)-...-d.

This bound was also obtained by Tarnanen [62] using the dual of Delsarte’s
linear programming method. In the paper, different linear programs are used
together with character theory to derive further bounds on the size of d-
codes. We see how powerful the combination of association schemes, linear
programming and representation theory can be.

Remark 4.2.4. We emphasise that the metric d does not give rise to an associa-
tion scheme. That is, the relations

R;={(0,T) €Sy xS, | d(o,T) =i}

fori =0,...,n do not define an association scheme if n > 4. Notice that for
n € {1,2,3}, a partition of n is uniquely determined by its number of 1s, so
the relations R; are actually the relations of the conjugacy class scheme and so
they do define an association scheme (ignoring the empty relation R,_1).

In order to see that the relations R; do not define an association scheme for
n = 4, notice that there are two types of permutations with precisely n — 4
fixed points: 4-cycles and products of 2 disjoint 2-cycles.

Take for example ¢ = (1,2,3,4) € S, and T = (1,2)(3,4) € S;,. Then we
have d(id, o) = d(id,7) = 4, so (id, o), (id, T) € R4 and the number pj3, of
permutations having distance 2 from both the identity and ¢ should be the
same as the number of permutations having distance 2 from both the identity
and 7. The permutations having distance 2 from the identity are precisely
the transpositions. Hence, we have to count how many of the permutations
having distance 2 from ¢ or T are transpositions.

Notice that the permutations at distance 2 from ¢ are precisely the per-
mutations (i,j) oo for i,j € {1,...,n} with i # j. We know that (1,2,3,4) =
(1,2)(2,3)(3,4) can be written as a product of 3 transpositions and is not
a transposition itself. Hence, as (1,2,3,4) is an odd permutation, (1,2,3,4)
cannot be written as the product of 2 transpositions. It follows that none of the
permutations (i, j) o o are transpositions and thus there are no permutations
at distance 2 from both the identity and ¢.

On the other hand, it is easy to see that the transpositions (1,2) and (3,4)
have distance 2 from 7 (in fact these are the only transpositions with that
property). It follows that there are 2 permutations at distance 2 from both the
identity and 7 and thus the relations R; do not define an association scheme.

We see that even though the fixed point metric does not define an association
scheme, we can still investigate codes with respect to the metric by studying



4.3 TRANSITIVE SUBSETS OF THE SYMMETRIC GROUP

an association scheme whose relations are "finer’ than the ones given by the
metric. They carry more information about pairs of permutations than just
their distance. We have to pick the right set D in order to study permutation
codes using association schemes.

We will come back to permutation codes when studying the generalised
symmetric group in Chapter 5.

While permutation codes are sets of permutations that are far apart from
each other, one can study the opposite problem of investigating sets of permu-
tations such that all of them are close to each other in the fixed point metric.
More specifically, a subset Y < S;, of permutations such that any two elements
have at most distance n — t is called t-intersecting. For any two permutations
o, T of a t-intersecting set, there exist at least ¢ distinct elements i € {1,...,n}
such that o (i) = 7(i). In the language of association schemes, t-intersecting sets
are cocliques. They are studied in the area of Erd6s-Ko-Rado combinatorics
and there is a lot of literature dealing with the topic. We will not delve into
this area further and refer the reader to [27] instead.

4.3 TRANSITIVE SUBSETS OF THE SYMMETRIC GROUP

In this section, we present results about transitive subsets of the symmetric
group. We give a classic result by Livingstone and Wagner [42] and then
present the results due to Martin and Sagan [46] who set the Livingstone—
Wagner theorem in the context of association schemes and proved generalisa-
tions.

We start with a brief overview of transitive group actions (see [13, Chapter 1]
for more details). Recall that an action of a group G on a set Q) is called
transitive if for every x,y € () there exists g € G such that g-x = y. If the
element g is unique for every choice of x and y, then the action is called sharply
transitive.

If a group G acts transitively on a set (), then all of its subgroups also
act on () and we can ask which subgroups act transitively on (). This can
particularly be interesting when G has a 'strong’ sense of transitivity (like the
symmetric group) and we are looking for subgroups with a ‘'weaker’ sense of
transitivity. Let us give some examples.

Recall that if G acts on (), then G also acts on sets and tuples of elements
of Q) in the natural way. If ¢ is an integer with 1 < t < |Q)], we denote by ()
the set of all subsets of () with precisely t elements. Then G acts on ); via

g-{xt, .., xib={g-x1,...,8 X}
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for every ¢ € G and {x,...,x;} € Q. Similarly, G acts on the tuples Qf via

g-(x1,..,xt)=(g-x1,.--,8 X¢t)

for every ge G and (x1,...,x¢) € OL.
These actions give rise to two important notions of transitivity.

Definition 4.3.1. Let G be a group acting on a set () and let f be an integer
with 1 < t < |Q)]. The group G is called t-transitive if G acts transitively on the
set of all t-tuples in Q! whose entries are pairwise distinct. Furthermore, G is
called t-homogeneous if G acts transitively on the set (); of all subsets of () of
size t.

It is clear that the symmetric group S, acts (sharply) n-transitive on the set
{1,...,n}.

Example 4.3.2. A Latin square of order n is an (n x n) array filled with symbols
from an alphabet A of size n such that in every row and every column every
element of A appears exactly once.

Consider the symmetric group Ss on 5 elements. For a nice visualisation, let
us represent the 5 elements by colours. Then we can write every permutation
o € S5 as a sequence of colours.

Figure 4.1 shows a Latin square of order 5. The row above the square fixes
an ordering of the colours so that we get an identification between the set
{1,2,3,4,5} and the set {blue, red, green, grey, yellow}.

Figure 4.1: A transitive group, represented as a Latin square

The rows of the Latin square correspond to the elements of the cyclic
subgroup C = ((1,2,3,4,5)) < Ss. For example, the first line represents the
identity. Clearly, C acts transitively on the set {1,2,3,4,5}. We can also see
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that nicely from Figure 4.1: Every row contains each colour exactly once, so
each row is a permutation ¢ € S5. Furthermore, every column contains every
colour exactly once. Hence, we can map any colour to any colour using the 5
permutations.

It is clear that every t-transitive group also acts t-homogeneously. Further-
more, it is immediate that a group that acts t-transitively on a set () for t > 2
also acts (t — 1)-transitively on (). That this is also true for t-homogeneity is
highly non-trivial and is a celebrated result by Livingstone and Wagner.

Theorem 4.3.3 ([42, Theorem 2]). Let G be a subgroup of Sy, that is t-homogeneous
for some t with 1 <t < n/2. Then G is also (t — 1)-homogeneous.

This theorem was generalised by Martin and Sagan [46] in multiple ways.
Their results include subsets instead of only subgroups and apply to a more
general form of transitivity called A-transitivity where A is a partition of n.
Let us explain these notions.

It follows from the group axioms that if a finite group G acts transitively
on (), then for any x,y € () the number of ¢ € G such that g-x = yis a
constant independent of x and y. This constant is the size of the stabiliser
Stab(x). Since all stabilisers under a transitive group action are conjugate, all
of them have the same size.

This is not necessarily the case any more if we want to investigate transitive
sets. By taking a transitive subgroup and adding some other elements of the
group to it, we obtain a subset of group elements that can map any element
x € () to any element y € () but the number of group elements that do this
may depend on the choice of x and y. Such subsets are not Delsarte designs in
the association scheme of the symmetric group. Hence, we make the following
definition.

Definition 4.3.4. Let G be a group acting on a set (). A subset Y < G is called
transitive on Q) if there exists a constant ¢ > 0 such that for any 4, b € (), there
are exactly c elements g € Y with g-a = b.

Note that Y is sharply transitive if the constant c in this definition is equal
to 1. The definitions of t-transitivity and t-homogeneity carry over to subsets
in the same way.

For every x € (), the integer c is precisely the number of elements in Y that
stabilise x, so ¢ = |Y n Stab(x)| is independent of x. If Y is a subgroup, then
this definition coincides with the definition of a transitive group action.

Example 4.3.5. Let us showcase the difference between transitive subgroups
and transitive subsets.
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First, consider the subgroup Y = ((1,2,3,4,5),(1,2,4,3)) < Ss. It can be
shown that Y is a semidirect product Cs x C4 of cyclic groups and is sharply
2-transitive on the set {1,2,3,4,5}. In particular, Y is also 2-homogeneous but
clearly not sharply 2-homogeneous because there are elements y,y’ € Y with
y-(1,2) =(1,2)and v’ - (1,2) = (2,1). But then we have

y-{1,2} =y -{1,2} = {1,2}

for distinct elements y and y'. It can easily be shown via an exhaustive
computer search that the symmetric group S5 does not have a sharply 2-
homogeneous subgroup.

However, there exists a sharply 2-homogeneous subset of S5. We present it
using colours like in Example 4.3.2.

Figure 4.2: A 2-homogeneous subset of S5

All 10 rows of this array are distinct and contain every colour exactly once.
Hence, this is a set of 10 permutations in the symmetric group Ss. By taking
enough time and checking carefully, one can verify that any two columns
contain every unordered pair of two distinct colours exactly once. Thus, this
set of permutations is sharply 2-homogeneous.
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By taking a closer look, one can spot that this example is made up of two
Latin squares stacked on top of each other. The first 5 rows represent the group
((1,2,3,4,5)) and the last 5 rows represent the coset (1,2,4,3) 0((1,2,3,4,5)).
Their union is not a subgroup. The group generated by these 10 permutations
is the 2-transitive group Y from earlier which has order 20. If we write

D ={((1,2,3,4,5))u(1,2,4,3)0{((1,2,3,4,5)),

we find that both D and Y\ D are sharply 2-homogeneous subsets and their
union Y is a sharply 2-transitive group.

Observe that D is also 1-transitive. The columns in Figure 4.2 contain every
colour exactly twice. We see that this is in spirit with the Livingstone-Wagner
theorem: A 2-homogeneous group is also 1-homogeneous (which is the same
as 1-transitive). However, since the original Livingstone-Wagner theorem only
applies to subgroups, we cannot apply it to our subset D. That the Livingstone—
Wagner theorem also holds for subsets is one part of the generalisation of the
Livingstone-Wagner theorem by Martin and Sagan.

One reason to study transitive sets that are not subgroups is their size.
We have just seen that the smallest 2-homogeneous subgroup of Ss has 20
elements while the smallest 2-homogeneous subset of S5 has 10 elements.
More generally, it is well-known (see for example [13, Theorem 4.11]) that
for t > 6, the only t-transitive groups are S, (for n > 6) and A, (for n > 8).
However, it is possible to construct t-transitive subsets of S, with t > 6 that
are considerably smaller than S, or A,. See [46, Section 6] for details.

The results by Martin and Sagan also deal with ordered set partitions of (2
and a corresponding notion of transitivity.

Definition 4.3.6. A subset Y < S, is called A-transitive if it is transitive on the
set of all A-tabloids (ordered set partitions of shape A, see Section 2.2).

These notions of transitivity include t-transitivity and t-homogeneity that
we defined earlier.
If G acts on the set {1,...,n} and S < {1,...,n} is any subset, then

g-({1,...,n}\S) ={1,...,n}\(g-S)

for every g € G. It follows that if G acts on subsets S of size ¢, it also acts on
the pairs ({1,...,n}\S,5). If 1 < |S| = t < 7, then these pairs are precisely the
(n —t, t)-tabloids. Hence, G is t-homogeneous if and only if it acts transitively
on the set of all (n — t, t)-tabloids. In other words, (n — t, t)-transitivity is the
same as t-homogeneity.

Similarly, we can think of a tuple (x1,...,x¢) € {1,...,n}! with pairwise
distinct entries as an ordered set partition with ¢ sets {x1},...,{x;} of size 1

65



66

CODES AND DESIGNS IN THE SYMMETRIC GROUP

and one remaining subset of size n — t. Hence, t-transitivity is the same as
(n—t,1,...,1)-transitivity.

One of the main theorems in [46] is the following which is a generalisation
of the Livingstone-Wagner theorem.

Theorem 4.3.7 ([46, Theorem 3]). Let A and u be partitions of n and let Y be a
A-transitive subset of Sy. If u > A, then Y is also p-transitive.

Since t-homogeneity is the same as A-transitivity for the partition A =
(n —t,t), Theorem 4.3.7 can be applied to t-homogeneity. Taking ¢t € IN with
1<t<n/2, A=mn—tt)and y = (n—t+1,t—1), we find that u > A. Thus,
t-homogeneity implies (f — 1)-homogeneity and Theorem 4.3.3 is an immediate
corollary of Theorem 4.3.7. The proof is illustrated in Figure 4.3.

n—t n—t+1
<
t - t—1

Figure 4.3: Proof of the Livingstone-Wagner theorem

Theorem 4.3.7 can be proved using the theory of association schemes. The
key idea is to prove that a A-transitive set Y < S, is a T)-design in the
conjugacy class scheme of the symmetric group for some subset T) < Par,.
Recalling that a T-design is also a T’-design for every subset T’ < T, prov-
ing Theorem 4.3.7 comes down to comparing the subsets T, for different
partitions A.

The following theorem gives a characterisation of A-transitive subsets as
Delsarte designs in the association scheme of the symmetric group.

Theorem 4.3.8 ([46, Theorem 4]). Let Y < S, be a non-empty subset with dual
distribution a’ and A + n. Then

Y is A-transitive < a;l = 0 for every partition A Iy # (n).

Recall that the partition (1) indexes the trivial character and that we have
a’(n) = |Y| so we have to exclude the partition (1) in the theorem.

The reader should interpret Theorem 4.3.8 as giving a bijection between
partitions A (that is "types’ of transitivity in the context of A-transitivity) and
sets T) < Par, of partitions of n (that is "types’” of Delsarte designs in an
association scheme). In other words, a A-transitive subset Y < S, is a Delsarte
T)-design where Ty = {un|u> A, u # (n)}.

Theorem 4.3.7 now follows easily from Theorem 4.3.8 because the domi-
nance order is transitive. If we have partitions A, u — n with u > A, then every
partition that dominates y also dominates A. Hence, if the dual distribution 4’
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is equal to 0 at every partition that dominates A, then in particular it is equal
to 0 at every partition that dominates . We obtain T, = T) so a T)-design
is also a T),-design. It follows that if u > A, then every A-transitive set is also
u-transitive.

We will derive similar characterisations of Delsarte designs for the wreath
product G S, where G is a finite abelian group. Letting G = C; in our results
(Theorem 5.3.11 and Theorem 5.5.11), we recover Theorems 4.3.7 and 4.3.8.
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In [46], Martin and Sagan asked whether the results we described in Chapter 4
(Theorem 4.3.7 and Theorem 4.3.8) can be generalised to the Coxeter group of
type By, the group of signed permutations. We answer this question affirma-
tively by considering wreath products of the form G S, where G is a finite
abelian group. This includes the Coxeter group of type B, in the case G = C;
and also the original results by Martin and Sagan for the symmetric group
in the case G = C;. We will see how designs in the conjugacy class scheme
of the group G S, can be interpreted using transitivity on coloured partitions,
generalising the notion of A-transitivity.

First, we recall some facts about transitive group actions and present the
technique we use to derive characterisations of transitive sets as Delsarte
designs. Then, we give a short introduction to wreath products and their
character theory. We define a notion of transitivity and use our method to
show that these transitivity types correspond to designs in the conjugacy
class association scheme. We use our characterisation to give analogues of the
Livingstone-Wagner theorem and give explicit constructions. Moreover, we
look at special cases of designs and codes and use orthogonal polynomials
to establish relations between them. Finally, we show how our results have
applications to the existence question of finite projective planes, providing
a new approach of proving the non-existence of a finite projective plane of
order p" + 1.

51 THE GENERAL METHOD

The aim of this chapter is to study the group action of the generalised symmet-
ric group on certain sets (). In this section, we first collect some basic results
about transitive group actions. They are easily found in the literature, see for
example [13] for details. Then, we describe our technique to study transitivity
using permutation characters.
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Definition 5.1.1. Let G be a group acting on a set () and on another set (). The
actions on Q) and () are called equivalent if there exists a bijection ¢ : QO — ()
such that

P(g-x) =g ¢(x)
for every g€ G and x € Q).

We can think of equivalent actions as being “essentially the same’. An
important result is that transitive actions are equivalent to actions on cosets
(see for example [13, Theorem 1.3]).

Lemma 5.1.2. Let G be a group acting transitively on a set Q).

(a) For every x,y € Q) we have
Stab(x) = g Stab(y)g
for some g € G.

(b) The action of G on Q) is equivalent to the action of G by left multiplication on
the cosets G/H = {gH | g € G} where H = Stab(x) for some x € Q).

(c) Two coset actions on G/H and G/K by left multiplication are isomorphic if and
only if H and K are conjugate in the full symmetric group on ().

This lemma allows us to investigate transitivity solely within the group G
itself. Every subgroup H of G gives rise to a transitive action of G (the action
of G on the cosets G/H) and every transitive action arises this way. We can
think of each subgroup H as a certain "type’ of transitivity.

In order to illustrate this point of view, let us look at t-transitivity in
the symmetric group. The action of S,, on {1,...,n} is t-transitive for every
t < n. The stabiliser of a t-tuple (x1,...,x;) with pairwise distinct entries
xie{l,...,n}is

S =S, m\fxp,) = Sn—t = S1 X ... X 51 X Sy

Notice that S is a Young subgroup of shape (n —t,1,...,1). Thus, in view of
Lemma 5.1.2, a subset Y of S, is t-transitive on {1, ...,n} if and only if it is
transitive on the cosets S, /S where S = S,,_;. The action of S, on the cosets of
Sn—t is equivalent to the action of S,, on (n —t,1,...,1)-tabloids.

We now describe the method we use to connect transitive subsets to designs
in an association scheme. The technique can be applied to any finite group G
acting on a set (). The result is essentially that if the decomposition of the
permutation character on () is known, then this decomposition gives rise to a
characterisation of transitivity on () as a T-design in an association scheme.
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Let G be a finite group acting on a set (). We define the incidence matrix of
this action to be the matrix M € C(G, Q) x ) given by

M<g,<a,b>>{1’ tga=b

0, otherwise.

Denote by colsp(M) the vector space generated by the columns of M. The
following theorem is crucial.

Theorem 5.1.3. Let G be a finite group acting on a set Q) with incidence matrix M.
Let X0, X1, - -, Xn be the (complex) irreducible characters of G and let Vy, Vy,...,Vy
be the corresponding eigenspaces of the conjugacy class association scheme of G. Define
1<{0,1,...,n} such that k € I if and only if xy is an irreducible constituent of the
permutation character ¢ of G on Q). Then

colsp(M) = @ Vi.
kel

Proof. We have MMT € C(G, G) and for g,h € G we have

(MMT)(g,h) = >, Mg, (a,0))M(h, (a,b)).
(a,b)eQrx Q)

The summands are either 0 or 1. A summand is equal to 1 if and only if
g-a=band h-a=b,so (¢ 'h)-a = a. Thus, the entry of MMT at position
(g,h) is equal to the number of fixed points | Fix(g~1h)| of g~ h.

For the permutation character ¢, we have ¢(g) = | Fix(g)|- Thus, considering
the matrix P € C(G, G) corresponding to ¢ given by

P(g,h) = &(g~"h) = | Fix(g™'h)|,

we obtain P = MM . Recall that colsp(AAT) = colsp(A) holds for every real
matrix A. This implies

colsp(M) = colsp(MMT) = colsp(P).
Now consider the decomposition

¢C=moxo+...+MmMuXn

of ¢ into irreducible characters x; where m; € INj. Recall that by (3.6) and
Theorem 3.1.9, the idempotent matrix E; of the conjugacy class association
scheme is given by

Ex(g,h) = cex(g'h)
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for some constant ¢, > 0. Since

P(gh) = §(g7 h) = Y mixi(g™'h) = <Z mkck‘lEk> (&),
k=0

k=0

we obtain (since k € I if and only if my # 0)

n
P = Z mkck_lEk = Z mkck_lEk. (5.1)
k=0 kel

Recall that colsp(Ex) = Vi and that the spaces Vi are pairwise orthogonal.
Hence, the column space of P is contained in @),;.; V.

Conversely, let k € I and v be a column vector of E;. From (3.2), we have
Eyv =v and E;jv = 0 for | # k, so it follows from (5.1) that

_ _ —1
Pv = PEv = myc; 0.

Since my # 0 for k € I, we conclude that V} = colsp(Ex) < colsp(P) for every
k € I. Thus, we have

colsp(M) = colsp(P) = @ Vi. O
kel
Similar ideas of using incidence matrices have appeared in publications
before (for example in [20, Section 3] under the name Riemann matrix or in
the treatment of the symmetric group in [46, Section 4]). However, we could
not find a reference for our approach using G for the rows and Q) x Q) for
the columns in the context of association schemes. Our approach applies to
any transitive group action and we believe that it is a useful general method,
especially for groups with a well-understood representation theory.
Now we can describe the connection between transitivity and the dual
distribution.

Theorem 5.1.4. Let G be a finite group acting transitively on a set Q). Let xo, X1,
..+, Xn be the (complex) irreducible characters of G and define I < {0,1,...,n} such
that k € 1 if and only if Xy is an irreducible constituent of the permutation character ¢
of G on Q). Let Y be a non-empty subset of G with dual distribution (ag,al, ..., a},).
Then Y is transitive on ) if and only if

a, =0 foreach k € 1\{0}.
Proof. Note that G acts transitively on () if and only if

MT]l(; =C- HQXQ
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for some constant ¢ > 0, since this equation means that for any pair (a,b) €
Q) x () there exist precisely ¢ elements of G that map a to b. Thus, Y is transitive
on () if and only if

MT]ly = C/ . ]IQXQ

for some constant ¢’ > 0. This constant can be calculated by observing that if
Y is transitive, then so are the cosets gY for ¢ € G. Since the disjoint union of
transitive sets is a transitive set, we find that ¢ = |G/Y| - ¢’ which gives

Y
C_‘G‘ C.

Now we see that Y is transitive on () if and only if

1 1
— My = = MT1g,
Y| RTel ¢

hence if and only if

Y]
ly — —=1

is orthogonal to the column space of M. By Theorem 5.1.3, the column space
of M is given by colsp(M) = @.; Vx. Hence, 1y — %JIG is orthogonal to the
column space of M if and only if it is orthogonal to the spaces Vj with k € I.
First, note that Vj is spanned by 1; and that
Yl
Ay = 15le, gy = 0.

G|
Now let k € {1,...,n} and v € V. Since the spaces Vj are pairwise orthogonal
and 15 € Vj, we find that

Y

Iy — @1G10> = (1y, v).

Thus, for k # 0, 1y — %HG is orthogonal to V} if and only if 1y is orthogonal
to V. Recall that by (3.10), 1y is orthogonal to V if and only if a; = 0, which

concludes the proof. O

Let us illustrate how to use Theorem 5.1.4 by giving an alternative proof of
Theorem 4.3.8 about A-transitivity in the symmetric group.

Example 5.1.5. Consider the symmetric group S, and a partition A - n.

Consider the action of S, on the set of A-tabloids and let & be its permutation
character. It follows from Young's rule (2.2) that

@ #0 = A
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Hence, we find that the set I of partitions of n indexing irreducible constituents
of the permutation character ¢* is precisely the set

I={prn[p=A}

As the partition (n) indexes the trivial character and hence corresponds to
character x( in Theorem 5.1.4, Theorem 4.3.8 now follows immediately from
Theorem 5.1.4.

We see that in view of Theorem 5.1.4, proving a characterisation of transitive
sets as Delsarte designs in the conjugacy class scheme is essentially equivalent
to decomposing the permutation character of the action. Hence, our next task
is to study the representation theory of G1S,, and decompose the permutation
characters ¢y for a given subgroup H.

5.2 WREATH PRODUCTS

We now turn to wreath products. The generalised symmetric group that we
are interested in is a wreath product of an abelian group with the symmetric
group.

From now on, we call the group that we investigate W. It stands for both
wreath product and Weyl group (some special cases of the generalised symmetric
group are in fact Weyl groups). For the rest of this chapter, (G, +) is a finite
abelian group.

The wreath product W = G S, is a group, namely the semidirect product
W = G" x S;, where 0 € S, acts on G" from the left by mapping (g1,...,8x) €
G" to 0g = (§;-1(1)s- - -+ 8o—1(m))- The group G" is called the base group of the
wreath product G S,. We can represent every element of W as a pair (g, 77)
with ¢ € G" and 7 € S;,. The product of two elements (f,0),(g, 1) € W is
given by

(f,0)(g 7m) = (f +0g,0m).

For more information about wreath products, see [23, Chapter 2.6] for example.

If G=CyorG= Cy, then W is the Coxeter group of type A,_1 or By,
respectively. If G = C, is the cyclic group of order r, then W is the complex
reflection group G(r,1,n). The group C,S, is also called the generalised
symmetric group. For more information about Coxeter groups and complex
reflection groups, we refer the reader to [32].

Given an integer n € IN, we write [n] for the set {1, ...,n}. There is an action
of W on the set M = G x [n]. For ((g1,...,8n), ) € Wand (c,i) € G x [n], itis
given by

((glr' .- /gﬂ)/ ﬂ) ) (C/ i) = (C +gr[(i)/ ﬂ(i))'
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It is easy to see that the wreath product W consists of all permutations ¢ of
the set M such that

0(0,i) = (¢,]) = 0(8,i) = (& +¢))

for all g € G and all i € [n] together with composition of mappings. We can
think of the set M as the set of |G| copies of [n] where each i € [n] appears in
|G| different colours.

Remark 5.2.1. We can give a nice visualisation of the action of the group C;1 S,
using coloured arrays of boxes. Consider for example the group C3154 =
Cg x S4. It acts on the coloured numbers 1, 2, 3 and 4 where every number
exists in 3 possible colours. If we choose the colours to be blue, red and green,
then the set M = C3 x [4] that C3! S, acts on are the 12 cells of the following

coloured rectangle.
2134

1
11234

The symmetric group S4 permutes the columns as a whole (without chang-
ing the order of the boxes in the columns) while the base group C; permutes
the boxes in the columns cyclically and independently. These two basic actions
are visualised in Figure 5.1.

114 213 |4
1143 1
sample action of Sy sample action of C3

Figure 5.1: The action of the generalised symmetric group

The generalised symmetric group C, ! S, consists of all permutations that
can be obtained as compositions of the actions of S, and C}'. In general,
a generalised permutation ((g1,...,9x),7T) € C: 1S, acts on the coloured
rectangle by first permuting the columns according to the permutation 7t and
then cyclically shifting the colours in the columns according to the elements

81;- . -/gﬂ-
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5.2.1  Conjugacy Classes

We now describe the conjugacy classes of G! S, = G" x S, where G is a finite
abelian group. For further reading, we refer the reader to [45, Appendix B,
Chapter I]. We are interested in the following theorem characterising the
conjugacy classes.

Theorem 5.2.2. Let G be a finite group. The conjugacy classes of G S, are indexed
by functions A : G — Par such that

2, 1Al =n.

geG

We write

An(G) ={A:G —Par| ) |A(g)] = n}
3eG

for the set of all these partition valued functions A. It can be helpful to think
of A as a tuple of partitions with entries indexed by the elements of G.

The indexing of the conjugacy classes arises as follows. Consider an element
((1,---,8n), ™) € G1Sy. The permutation 7t € S, can be written as a product of
disjoint cycles of the form (iy, ..., ). It turns out that the element g;, +...+g;,
is determined up to conjugacy. Thus, since G is abelian in our setting, it is
determined uniquely. We call this element g;, + ...+ g; the sign of the cycle
(il,. . .,ik).

For each ¢ € G, we can determine all the cycles in 7 that have sign g. Writing
down all the cycle lengths that occur and ordering them decreasingly, we
obtain a partition associated with the element g. The cycle type of an element
((1,---,8n), ™) € G1Sy is defined to be the mapping A : G — Par where A(g)
equals the partition of cycle lengths of 7 that have sign g. Then two elements
of G S, are conjugate if and only if they have the same cycle type. Since the
sum of all cycle lengths of 7t is 1, the conjugacy classes of G S, are indexed
by the set A, (G).

We denote by C, the conjugacy class indexed by A. In the case G = Cy, A is
a tuple with one entry, so A is just a partition, agreeing with C11S, = S, being
the symmetric group.

Example 5.2.3. The conjugacy class of the identity of G S, is indexed by
the element A € A,(G) with A(0) = (1") and A(g) = & for every g # 0.
More generally, consider an element of C}, that is an element of the form
((g1,---,8n),id). Its conjugacy class is indexed by the element A € A, (G) with
A(g) = (1™3) where my is the number of times that ¢ appears in the tuple

(S1,---,8n)-
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For another example, consider C; ¢ S5, where we write C; = {1, —1} multi-
plicatively, acting on the set {1,—1,2,—-2,3, 3,4, —4,5, —5}. Then

((1,-1,-1,-1,1),(1,2,3)(4,5))

is a generalised permutation. The cycle type of (1,2,3)(4,5) in Ss is the parti-
tion (3,2). We compute the signs

1-(-1)-(=1) =1 and (-1)-1=—1.

Hence, the conjugacy class of ((1,—-1,-1,-1,1),(1,2,3)(4,5)) is indexed by
the element A € A5(Cy) with A(1) = (3) and /\( 1) = (2). We can also write
this as a pair of partitions A = ((3), (2)).

We can also write down the cycle decomposition of our generalised permu-
tation inside the symmetric group on the set {1,-1,2,-2,3,-3,4, 4,5, -5}
and find

(1,-2,3)(~1,2,-3)(4,5,—4, 5).

In general, if we consider the case G = C; = {1, —1}, the cycle decomposition
consists of pairs of cycles (x1,...,xx)(—x1,...,—xx) of length k and cycles of
the form (xq,...,x, —x1,...,—xx) of length 2k. For cycles of the first type,
we put their length into the partition A(1), while for cycles of the second
type, we put half their length into the partition A(—1). This gives an alter-
native interpretation of the conjugacy classes for the group C;1 S, of signed
permutations.

5.2.2  Characters of Wreath Products

Now, we review the representation theory of wreath products of the form
G1Sy = G" x S, where G is a finite abelian group. We first consider the more
general case A x H, where A and H are finite groups with A being abelian.
We essentially follow [57, Sect. 8.2].

Since A is abelian, each irreducible character of A has degree 1 and the
irreducible characters 6 of A form a group A’. Note that A is normal in A x H,
so the group H acts on A’ by

(h6)(a) = 0(h~'ah) forhe H,0e A" and a € A.

Let 0 be an irreducible character of A and let K be the stabiliser of 8 under the
action of H. Now let ¢ be an irreducible character of K. Then we can define
the character 6 - { of A x K by

(0-¢)(ak) = 0(a)p(k) forallae A, ke K.
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Finally, we induce 6 - ¢ to a character x4, of A x H, so that

Xog = (0 1) 140K -
We have the following theorem.

Theorem 5.2.4 (Serre [57, Prop. 25]). With the notation as above, xg . is an
irreducible character of A x H and every irreducible character of A x H is of this
form. Moreover, if xg.y = Xor,y, then = ¢ and 0 and 0’ are in the same orbit under
the action of H on A’.

We now want to apply Theorem 5.2.4 to the group G1S, = G" x S, so
we need the characters of G" and the characters of some subgroups of the
symmetric group. Since G is abelian, all representations of G are 1-dimensional
and the group of the corresponding characters of G is isomorphic to G itself.
We fix an isomorphism ¢ — 03 from G to its character group. Then the
irreducible characters of G are the characters 68 for g € G.

The characters of G are products of characters of G. Thus, they are indexed
by the tuples (g1,..., ) € G". The irreducible character 8(81-8%) is given by

n
0881 (x1, ..., xp) = Hegi(xi) for every (x1,...,x,) € G".
i=1

Now consider an element (g1, ..., gn) € G". The symmetric group S, acts on
the characters (81-8n) by permuting the entries of (g1,...,gx). For g€ G, let
k(g) be the number of times that g occurs in (g1, ..., gn). Then >, o.;k(g) = n
and the stabiliser of the character 68182 under the action of S, is

Stab(081+8") = [ | Sk(g)
geG

where Sy, permutes the indices i € [n] with g; = ¢. Note that this is a Young
subgroup of Sj.

The irreducible characters of a factor Sy, are indexed by the partitions of
k(g) and denoted by y# where i - k(g) is a partition. Now, the irreducible
characters of Stab(6(81+8")) are given by

y= @y,

geG

where y : G — Par is a function such that y(g) is a partition of k(g) for every
geG. (_Zombining P! with the character §(&1-+81) as in Theorem 5.2.4 gives an
irreducible character of G S,,. Since we only need the orbit of g(gl,...,gn), so the
numbers k(g) for g € G, all information needed is encoded in u (because we
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have k(g) = |p(g)]). Thus, the irreducible characters of G S, are indexed by
the set of mappings A : G — Par such that

DA =7

geG

This is the set A,(G) that we have seen earlier. For A € A,,(G), the correspond-
ing irreducible character is denoted by x2.

Example 5.2.5. Let us compute the function A indexing the trivial character
of G1S,,. We start by picking the trivial character of G". The trivial character
of G is indexed by 0 and thus the trivial character of G" is indexed by the
tuple (0, ...,0). Hence, 0(0--0) ig the trivial character of G".

Counting how often the elements of G appear in the tuple, we find k(0) = n
and k(g) = 0 for every ¢ € G with ¢ # 0. This implies that the function A
indexing the character we are constructing must satisfy A(0) = A for some
partition A - n and A(g) = & for all g € G with g # 0.

Now, we have to pick an irreducible character of the stabiliser of §(%-0)
which is the symmetric group S;,. In order to obtain the trivial character of
G 1 Sy, we pick the trivial character 15, which is indexed by the partition (n). It
follows that the function A indexing the trivial character is the function given

by A(0) = (n) and A(g) = & for all g € G with g # 0.

Next, we present a different way to write down the irreducible characters of
G Sy. For a character 6 of G and a character i of S, we define ¢ i to be the
character of G S given by

01)((g1,---, k), 1) = 0(g1) - - - 0(gx) Y(71)

for all (g1,...,9%) € GF and all 77 € S;. Now consider an element A € A,(G).
Then we have partitions A(g) for every ¢ € G. The character y* of G1S,, is

given by
= @ (#1929 183, (52)
geG
where
S=]1]5a (5:3)
geG

is a Young subgroup of S, and G S denotes the subgroup G" x S of G1 S, =
G" x Sy.

Remark 5.2.6. Note that we did not specify a tuple (g1,...,9x) € G" as before.
The element A € A, (G) defines a tuple (g1,...,gx) up to a permutation of the
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entries (the element ¢ € G appears |A(g)| times). Different choices of tuples
lead to conjugate Young subgroups S and ultimately to the same character x2.

In most cases, it is not important how exactly the group S lies inside the
group S,. For example, S¢1 5y x Sy34) and Syq 41 x (2 3y are different subgroups
of S4, but they are conjugate to each other. The first subgroup corresponds
to the ordered set partition ({1,2},{3,4}) while the latter corresponds to
the ordered set partition ({1,4}, {2,3}). Every time we write down a Young
subgroup S, it implicitly comes with an ordered set partition P. In our case,
the parts of P are indexed by the group G. The factor S|)(,) permutes the set
of indices i € [n] of the tuple (g1, ..., gn) such that g; = g. This set of indices is
also the part of P that is indexed by g € G.

If A(g) = & for some g € G, then the corresponding factor in the product
in (5.2) or (5.3) is trivial. The reader should interpret equation (5.2) as first
choosing for each ¢ € G how often each character 68 appears, then choosing
a partition A(g) of the corresponding size to get a character &), and then
combining all these characters.

Example 5.2.7. Using the interpretation above, we obtain the trivial character
of G S, by specifying that the trivial character 8" of G appears n times and
then picking for A(0) the partition (1) that indexes the trivial character of S,,.

Let us consider the group C31 S for an explicit example where we write
Cs = {0, 1, 2}. If we start with the function A given by

A0) = (2), A(1) = (31), A(2) = &,

then we are considering the characters 6° and 6! of C3 together with the char-
acters ® and ¥V of subgroups of Sg. Combining the characters correctly,
that is forming

60292 — §090) . @ and g1 ) — gAY . (31,

we obtain a character (90 ! z,b(z)) : <91 ! 1p(31)> of C31(S2 x S4). Inducing this
character to the group C31 S¢ yields the irreducible character indexed by A.

In view of Theorem 5.2.4, the x2 are all the irreducible characters of G1S,,.
5.3 NOTIONS OF TRANSITIVITY
We continue to consider the group W = G1 S, for a fixed abelian group G.

We now focus on the different types of transitivity in W, which means the
different Q) in Theorem 5.1.4.
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5.3.1 Transitivity Types

We seek a generalisation of A-transitivity in the symmetric group. It turns out
that we can work with A-tabloids, that is ordered set partitions, where we
additionally allow colouring the elements of parts of the set partition.

Let S(G) be the set of subgroups of G. For a mapping ¢ : S(G) — Par, we
define

lell = > le ).

u<G

We write
24(G) = {¢: S(G) — Par | ||g|| = n}

for the set of all mappings ¢ : S(G) — Par satisfying ||| = n. In what
follows, an element ¢ € X, (G) will be associated with a subgroup of W. Hence,
every ¢ will represent a certain notion of transitivity (for example edge- and
face-transitivity for the 3-dimensional cube described in Chapter 1).

Each ¢ € ¥, (G) can be represented by an ordered set of Young diagrams Y7,
one for each subgroup U < G, such that the total number of boxes equals 7.
We define a g-tableau to be a filling of the boxes with pairs (c,7), where c € G
and i € [n] such that all numbers i € [n] appearing in the pairs (c,i) are
pairwise distinct.

Note that W acts on a filled Young diagram by letting w € W act on
the fillings (c,i) of the boxes. Consider a Young diagram Y{; indexed by a
subgroup U and one of its rows R of length ¢. Then the group U S, acts on
the row R by permuting the fillings (c,i) and changing the elements ¢ using
elements of U. The partition ¢(U) contains the lengths of the rows of Y{;, so
the group

UZSQ(U) zuzsg(u) XUZSQ(U) X ...

1 2

acts on a filled Young diagram Y{; in the same way. We call two filled Young
diagrams indexed by U row-equivalent if they are in the same orbit under
this action. That is, the corresponding rows of the Young diagrams contain
the same pairs (c,7) up to permutation and multiplication by elements of U.
Hence, we can also think of the colours ¢ appearing in the filling of the Young
diagrams associated with U as being cosets of U.

Two co-tableaux are row-equivalent if all of their Young diagrams Y{; are row-
equivalent for every subgroup U of G. This induces an equivalence relation
on g-tableaux. A ¢g-tabloid is an equivalence class of this relation.
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Example 5.3.1. Consider W = C4 ! S¢ where we identify C4 with {0,1,2,3} in
the natural way. Then the subgroups of Cy4 are {0}, {0,2} and {0, 1,2, 3}. Hence,
every element ¢ € X4(Cy) consists of three Young diagrams, one for each
subgroup of Cy4, such that the total number of boxes is 6. Consider ¢ € X4(Cy)
given by

{0} {0,2} {0,1,2,3}
1)

A possible g-tableau is given by the following filling of the boxes (where we
write ¢, i for the filling (c, i) for better readability)

{0} {0,2} {0,1,2,3}
1,610,4 2,3(0,1{3,5 1]
3,2

where we think of a pair (c,7) as the number i € {1,2,3,4,5, 6} coloured with
the colour c € {0, 1,2, 3}. The corresponding c-tabloid is given by

{0} 02 {0123}
1,6 0,4 2,30,13,5 (%]
3,2

where the order of the elements in a row does not matter any more. Further-
more, the g-tabloid can also be written as

{0} {0,2} {0,1,2,3}
0,4 1,6/ [0,10,31,5 %)
3,2

as the fillings only differ by a permutation of the elements in a row and colour
changes using the elements of U in the Young diagram associated with U.
Hence, we can think of the colours in the diagram associated with U as being
elements of C4/U.

Note that W acts on the set of o-tabloids. We define a notion of transitivity
using o-tabloids.

Definition 5.3.2. A subset Y of W is called o-transitive if Y is transitive on the
set of o-tabloids.
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The stabiliser of a ¢g-tabloid is obtained by stabilising every row of every
diagram. In the example above, the stabiliser is given by

({0} 2 Sgay x {0} 2S2y) x {0,2} 1S3 35 = (S2 % S1) x C21S3.

In general, the stabiliser of the tableau associated with U is U2 Sg(u). Hence,
the stabiliser of a g-tabloid is given by

He = || (UaSoq) = [ (U2 Soquy, x UtSoquy, < -+)
u<G u<G
where S, (1) denotes the Young subgroup associated with the partition o (U). If
o(U) = & for some subgroup U, then U S, 1y is understood to be the trivial
group. We write ¢< for the permutation character ¢y, .

By Lemma 5.1.2, a subset Y of W is g-transitive if and only if Y is transitive on
the cosets W/H,. Since the subgroups H,, involved are conjugate to each other,
all notions of transitivity given by permuting the parts in a partition o(U) are
equivalent. Thus, we do not get more notions of transitivity by considering
compositions instead of partitions in the definition of the set X,,(G). We can
assume that ¢(U) is a partition for every subgroup U < G.

If G is the group of one element, then ¢ € £, (G) is given by a partition o
of n via ¢(G) = ¢ and the notion of a g-transitive set coincides with that of a
o-transitive subset of S, studied in [46].

We also emphasise the important special case that arises for |G| > 1 when
o € Z,(G) is given by ¢({0}) = (1) and ¢(G) = (n —t). The corresponding
subgroup is G S,— which gives rise to our analogue of t-transitivity for the
group W. A c-transitive subset of W with ¢ defined as above is transitive
on the set of t-tuples ((c1,71),...,(ct, it)), where i1, iy, ..., it € [n] are pairwise
distinct integers and ¢y, ¢, ..., ¢t € G. We can also think of them as (o, k)-flags
from Chapter 1 with ¢ = (1) and k = n — t. For G = C,, we shall study these
subsets in more detail in Section 5.6.

We can also give a geometric interpretation of some transitivity types using
the n-dimensional cube.

Example 5.3.3. Let G = C; and n € IN so that W is the symmetry group of
the n-dimensional cube. As the group C; only has two subgroups, we can
write the transitivity types ¢ as tuples ¢ = (01,02) where 07 = ¢({0}) and
0y = 0(Cy). Consider ¢ € £, (G) given by ¢ = (t,n —t) where we write (t,n —t)
for the partition tuple ((t), (n — t)) for better readability. Then the stabiliser of
a o-tabloid is the subgroup

Ht = St X Cz { Sn—t-

The group H; is also the stabiliser of an (n — t)-dimensional face of the cube.
To see this, notice that one face of dimension n — t is given by the set of vertices
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of the form (1,...,1,+1,...,+1) with precisely ¢ 1s in the front. This set is
stabilised by the group

S, X C2US¢41,.ny = Se X C2USn—t

and all other stabilisers are conjugate to this group. Thus, a subset Y of W
is (t,n — t)-transitive if and only if Y is transitive on the (n — t)-dimensional
faces of the n-dimensional cube.

The transitivity types of the form ¢ = (t,n —t) for n = 3 are visualised in
Figure 5.2.

c=(30) c=(21) c=(12)

Figure 5.2: Transitivity types in Cy 1S3

We can also give an interpretation for the hyperoctahedron because it is
dual to the hypercube. If we view Cy1S;, as the symmetry group of the
hyperoctahedron, then the subgroup

Ht = St X szsn_t

is the stabiliser of a (t — 1)-dimensional face of the hyperoctahedron. Thus,
a subset Y of W is (t,n — t)-transitive if and only if it is transitive on the
(t — 1)-dimensional faces of the hyperoctahedron.

The following properties of the subgroup H, will be helpful.
Lemma 5.3.4. Let ¢ € X, (G) and write H = H,. Then:

(@ HAG" = [] ulei
Uu<G

(b) HnSy = ] Sg(u)
u<G

() (HNhG")n(HnSy,) = {id}

d H=(HnG"Y(HnNSy,)
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Proof. Parts (a) and (b) follow immediately from the fact that H, is a direct
product of wreath products on disjoint subsets of [n]. Intersecting H with the
base group gives the direct product of the base groups of the factors. Part (c)
follows because G" n S,; = {id}. For (d), notice that H n G" and H n S,, are
subgroups of H with trivial intersection. Since H is a finite group, the result
follows because |H n G"||H n S| = |H]|. O

Example 5.3.5. Consider C4 = {0,1,2,3} with its subgroups C; = {0}, C; =
{0,2} and C4. Consider ¢ € X9(Cy4) given by

a(C1) = (31), a(Cz) = (22), a(Cy) = ().
Then

Hg§S3X51><C22<52X52)><C4251
~ S5 x S1 x (C3 % Sy) x (C3 % S5) x Cy.

We find
HynCl=CxCxCixCixCy

and
Hy nSg = 53 x §1 x S53 x 53 x S1.

It follows that
ng(C%xClxC%xC%xC4)(S3><Sl><Sz><52><51)

if the subgroups are interpreted properly (that is have the copies of the
symmetric group act on disjoint subsets and the cyclic groups act on the
corresponding entries).

5.3.2  Decomposition of the Permutation Characters

We now show how ¢-transitive subsets of W can be characterised as designs
in an association scheme.

For decomposing the permutation characters ¢, a certain algorithmically
defined relation is helpful. A similar approach for decomposing permutation
characters of the hyperoctahedral group B, (the case G = C;) appears in [49],
stated in a very restricted manner. We adapt this approach to wreath products
and generalise it to cover all finite abelian groups G.
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Remark 5.3.6. Let us pause for a moment and carefully go through the setup
because the notation can become overwhelming quickly.

We have two index sets that we are working with, the set £,(G) and the
set A, (G). The first one indexes the "types of transitivity’ (where we are free
to choose how we call the types) and the second one indexes the irreducible
characters (where the index set is essentially forced on us by the group
structure). Our goal is to find a bijection between transitivity types and sets of
irreducible characters. This bijection takes as input a permutation character
(in other words, a transitivity type) and outputs the set of its irreducible
constituents (a set of irreducible characters). We do not get to choose this
bijection. It is the function that outputs the subset I in Theorem 5.1.4. In other
words, it tells us the subset T such that the structures we are interested in are
Delsarte T-designs.

In the results by Martin and Sagan in the symmetric group (see Chapter 4),
both the transitivity types (A-transitivity) and the irreducible characters " are
indexed by the partitions of n. It is easy to forget that there is a fundamental
difference between the two index sets. However, for the generalised symmetric
group, it is crucial to think of them as two separate objects. Essentially, Young's
rule (2.2) gives us the bijection between transitivity types and sets of partitions
in the symmetric group.

Coming back to the generalised symmetric group, we have the sets >,,(G)
and A;(G). The set £,(G) indexes the transitivity types. Some of them have
a nice geometric interpretation on regular polytopes. In general, an element
o € X,(G) defines a g-tabloid involving coloured set partitions and a subset Y
of W is g-transitive if it is transitive on ¢-tabloids. It can be helpful to stay
inside the symmetry group of the hypercube C; ! S, when reading the results
and think of the elements of X,,(G) as defining substructures of the polytope,
giving a geometric interpretation of the transitivity type ¢.

On the other hand, the set A, (G) indexes the irreducible characters of the
wreath product G S,,. We can think of an element A € A,(G) as a tuple with
|G| entries where each entry is a partition. In contrast, we can think of the
elements of X,(G) as tuples with one entry per subgroup of G where each
entry is a partition.

We are given a transitivity type ¢ € X,,(G) and we need to figure out the set
of irreducible constituents of the permutation character ¢Z. In other words, we
are looking for the corresponding subset of A, (G).

We now define a relation on £, (G) x A,(G) that gives us the bijection that
we need. For a subgroup U of G, we write

U°={geG|08u)=1forall uel},
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so U° consists of the elements of G that correspond to irreducible characters
that are trivial on U.

Definition 5.3.7. For ¢ € £,(G) and A € A,(G), we write
g — A

if there exists p € Ay(G) such that p(g) <A(g) for each g € G and p can be
obtained from ¢ as follows.

(1) For each U < G, colour each box of the Young diagram of ¢(U) with an
element of U°.

(2) The element p € Ay,(G) arises from the colouring from step (1) in the
following wa§7:
For each g € G, consider only the boxes coloured with g. Each row of
each partition ¢(U) with exactly k boxes coloured with ¢ becomes a part
of size k in p(g) (the actual position of the elements in a row does not
matter, only_ how often g was placed there). In other words, y(g) has
a part of size k for every row of a Young diagram ¢(U) with e_xactly k
appearances of g.

It is important to note that {0}° = G and G° = {0}. This means that the
boxes in the Young diagram ¢({0}) can be coloured with every element of G
while the boxes in the Young diagram ¢(G) all have to be coloured with the
element 0.

Example 5.3.8. We take G = C¢ and identify Cy with {0,1,2,3,4,5} in the nat-
ural way. Then the subgroups of Cg4 are {0}, {0,3}, {0,2,4}, and {0,1,2,3,4,5}.
We get

{0}° = {0,1,2,3,4,5},
{0,3}° ={0,2,4},
{0,2,4}° = {0, 3},
{0,1,2,3,4,5}° = {0}.

These are the elements we can use in the colouring of the Young diagrams in
step (1) of Definition 5.3.7. Consider ¢ € £14(Cs) given by

{0} {0,3} {0,2,4}  {0,1,2,3,4,5}

A possible colouring of ¢ is given by
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{0} {0, 3} {0,2,4} {0,1,2,3,4,5}
5 4122 3103 00
5 414 0

Then the corresponding y € A14(Ce) is given by

0 1 2 3 4 5
1)

This shows that ¢ — I where

#(0) = (211), p(1) = &, p(2) = (21), p(3) = (2), p(4) = (21), p(5) = (11).

It also shows that ¢ — A for every A € Ay (G) with p(g) JA(g) for every g € G.
Using the dominance order < to obtain A from p corresponds to moving up
boxes in the Young diagrams of j(g) for each ¢ € G independently.

Remark 5.3.9. Here is another way to think about the relation —. Start with
the Young diagrams ¢(U) and |G| empty containers that are indexed with
the elements of G (the tuple of these containers will become the element
A € Ay (G) after the algorithm). For each row of each ¢(U), we have to move
the boxes of the row to the containers indexed by the elements of U°. Moving
k boxes from a row of ¢(U) to a container indexed by g € U° has the effect
of adding a part of size k to the container indexed by g. Only the number
k matters, not the actual position of the boxes in the row. Importantly, this
means that for each row of each ¢(U) and each g € U°, we add either one
part to the container indexed by ¢ or none. Each box of ¢ must be moved into
some container.

After all boxes have been moved, the |G| containers have precisely n boxes
in total. Now order all the parts in each container so that they form a partition.
This defines an element p € A,(G). Finally, one has the option to use the
dominance order < for each partition y(g) independently so that we obtain
an element A € A,(G) with u(g) < A(g)_for every g € G.

The reason for introducing the relation — is the following theorem. It says
that the relation — precisely characterises the irreducible characters x* that
appear in the decomposition of the permutation character ¢<.

Theorem 5.3.10. For each ¢ € £,,(G) and each A € Ay, (G), we have

(ExA #0 = ¢ — A
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Proof. Let A € Ay (G). We pick a tuple (g1,...,91) € G" such that every g€ G
occurs precisely |[A(g)| times. This defines a Young subgroup

s=1]ss

geG

where S, permutes the indices i € [n] with ¢; = ¢. Hence, we have an ordered
set partition P of [n] indexed by G. The part of P indexed by g € G is the set
of indices i € [n] with g; = g.

We write K = G1S = G" x S. By Theorem 5.2.4, we have x* = (¢-p) 1¥
where ¢ is the irreducible character of G" of type (g1,...,¢x) and p is the
irreducible character of S given by

=R A8,
geG

Write H = H,. By Frobenius reciprocity, we have

@4 xN =AML xYy =L (@) 1K ) = A THIK ¢ 0)

For s € W, write H® = sHs™!. Let R be a complete set of double coset
representatives of K\W/H. Then by Mackey’s formula (Theorem 2.1.34), we
have

W W H 4K K
LTI = D1 sk s nk= 0, 1 Thsnke
SseER seR

and by Frobenius reciprocity, we have

@x®) = 2 At @ o) = 2L (@ p) Uik (54)
seR seR

Note that all summands on the right hand side are non-negative as each
summand is the multiplicity of the irreducible character 1 in the decomposition
of the character (¢ - p) |K;, . Thus, the total sum is non-zero if and only if
at least one summand is non-zero. Since K = G S, we have G" < K, so we
may assume that all representatives in R are elements of S,,. Hence, (5.4) is
non-zero if and only if there exists s € S;; such that

(L,(¢-p) Lipnk » # 0. (5.5)

From Lemma 5.3.4, we find H® = (H* n G")(H* n S;). Hence, as K = G" x S,
it follows that H* n K = (H®* n G")(H® n S). Since ¢ is a character of G" and
p is a character of S and since we have (H* n G")(H® n S) = {id}, elementary
calculations reveal that

A (@-p) Lk ) =L ¢ Lfiengn - Lo Lisns -
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Hence, the inner product in (5.5) is non-zero if and only if

Q¢ 15sngn ) Lo Lisns ) # 0. (5.6)

The left hand side of (5.6) is non-zero if and only if both factors are non-zero.
We focus on the second factor first.

As H? is conjugate to H, it is the stabiliser of a ¢-tabloid. Hence, by
Lemma 5.3.4, H* n S, is a Young subgroup of S, whose factors correspond
to the parts of g(U) as U ranges over the subgroups of G. Thus, there is an
ordered set partition Q of [n] corresponding to the Young subgroup H* n S,
where every part is associated with a row of a Young diagram ¢ (U) for some
subgroup U.

Recall that S is a Young subgroup with corresponding ordered set partition P
where every part is associated with an element g € G. It follows that H* n' S
is a Young subgroup where the corresponding ordered set partition consists
precisely of the (non-empty) parts p n g with p € P and g € Q. This ordered
set partition defines a colouring of ¢ in the following way.

For every element p n q with p € P and g € Q, we colour the boxes corre-
sponding to p N g in the row associated with g with the element g associated
with p. Hence, by collecting all parts associated with an element ¢ € G into a

partition y(g), we get a partition tuple p € Ay (G) with |u(g)| = [A(g)] for all
g€ Gand
H S =]]Sueq- (5.7)
geG

In other words, p describes how the factors Sg of S decompose after inter-
secting H® with S. Each part of ji(g) corresponds to a row of ¢(U) for some
U < G with exactly that many boxes coloured with g. Moreover, we have

<1/P i?—ISmS > = <1’ ®Xi(g) l?—lsms >

geG
_gel_£<1 Xﬁ l Sp(s) >
=TT 9.
geG -

The left hand side is non-zero if and only if every factor on the right hand
side is non-zero. By Young's rule (2.2), this happens if and only if u(g) <A(g)
for each g € G. B

Now we consider the first factor on the left hand side of (5.6). Since ¢ is
an irreducible character of G", it is of degree 1 and hence also an irreducible
character of H® n G". Because the trivial character 1 is also an irreducible
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character of H® n G", it follows from Theorem 2.1.23 that the inner product
is non-zero if and only if ¢ lf[: ~cn= 1. In other words, ¢(x) = 1 for all
xe H°nG".

Since H® is conjugate to H, it is the stabiliser of a g-tabloid. Hence, H®* n G"
is a direct product of subgroups of G where U < G occurs |g(U)| times (see
Lemma 5.3.4). This means that to each i € {1,2,...,n}, we assign a subgroup
U; of G such that H° n G" = Uj x - -- x U,. Remember that the character ¢ is
of type (g1,...,8n). Since ¢ is trivial on H* n G" = Uy x - -- x Uy, we find that
(81,---,8n) € U{ x --- x U;. Hence, the left factor in (5.6) is non-zero if and
only if all boxes of the Young diagram ¢(U) are coloured with elements of U°
for every subgroup U < G.

Having completed the setup, we can now prove the statement of the theorem.

For the forward implication, suppose that (¢%, ) # 0. Then both factors

in (5.6) are non-zero. From (5.7), we obtain a colouring p € Ay(G) of .

Since the first factor of (5.6) is non-zero, all rows of ¢(U) are coloured with
elements of U°, corresponding to step (1) in Definition 5.3.7. Every part of
1(g) comes from a row with that many boxes coloured with g, corresponding
to step (2) in Definition 5.3.7. Since the second factor of (5.6) is non-zero, we
have u(g) < A(g) for every g € G. Thus, we obtain ¢ — A.

For the reverse direction, assume that ¢ — A. Then there exists a colouring
i € Ay(G) of o obtained from steps (1) and (2) in Definition 5.3.7. Now
consider the Young subgroup

T=][T

geG

of S, where each part T; permutes the boxes of ¢ (equivalently elements
i € [n]) that are coloured with g € G in the colouring . Notice that it follows
from the definition of the relation — that |u(g)| = | A(g)\ for every g € G.

Recall that the tuple (g1, ..., gn) we picke(_i in the beginning of the proof was
arbitrary. The only requirement was that the element g appears precisely |A(g)|
times. Hence, we can rearrange the tuple (g1,...,¢x) such that T, permutes
precisely the indices i € [n] with g; = g. We find that all of the calculations we
did for S also hold for T. In fact, S and T are Young subgroups of the same
shape so they are conjugate.

Remember that H n S, is a Young subgroup of S, whose parts correspond
to the parts of ¢(U) for U < G. The group H permutes the boxes in the rows of
a Young diagram ¢(U) and the group T permutes all boxes that are coloured
with the same element g € G. It follows that the group H n T permutes all
boxes that are coloured with the same element ¢ € G in a common row of a
Young diagram ¢(U). Hence, we find that H n T is a Young subgroup of the
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form ngc Sﬁ(g) for our colouring . Thus, Equation (5.7) holds for S = T and
s = id.

Since 11(g) < A(g) for each g € G, the second factor of (5.6) is non-zero for
S = T and s = id. Moreover, ¢ is trivial on H n G", so the first factor of (5.6)
is non-zero for s = id. All in all, we obtain <§Q, )(A> # 0. O

We can use Theorem 5.3.10 to obtain a characterisation of o-transitive sets
in W.

Theorem 5.3.11. Let ¢ € X,(G) and let Y be a non-empty subset of W with dual
distribution (a’,). Then Y is g-transitive if and only if

ay =0 forall A € Ay(G) satisfying o — A and A(0) # (n).
Proof. Follows immediately from Theorem 5.1.4 and Theorem 5.3.10. O

Recall that the element A € A,(G) with A(0) = (n) indexes the trivial
character. The corresponding entry of the dual distribution is always non-zero,
which is why this partition tuple has to be excluded. Note that if we let
G = Cy, then we have W = C11S, = S, and ¢-transitivity in W becomes
o-transitivity in S,. In this case, the set A, (C;) is the set of partitions of n
and the relation — becomes the dominance order <. Thus, Theorem 5.3.11
specialises to Theorem 4 in [46].

We will see that Theorem 5.3.11 is crucial in order to derive a generalisation
of the Livingstone-Wagner theorem in Section 5.5 and to describe t-transitive
sets in C, ! Sy, in Section 5.6.

5.4 CLIQUES

In this section, we consider so-called cliques in W and discuss their relationship
to transitive subsets.

Definition 5.4.1. Let ¢ € £,,(G). A non-empty subset Y of W is called a og-clique
if for every pair of distinct elements x,y € Y there is no ¢-tabloid that is fixed

by x~1y.

We are interested in an algebraic characterisation of o-cliques as cliques in
an association scheme. This comes down to determining the conjugacy classes
of the elements in the stabiliser H, of a g-tabloid. Note that all stabilisers of
o-tabloids are conjugate to each other, so the answer does not depend on the
specific g-tabloid chosen. Remember that H, is an inner direct product of
subgroups of the form U Sy for a subgroup U < G and a positive integer k.
The conjugacy classes of the group U Sy are indexed by the set Ax(U). We
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interpret an element A € Ax(U) as an element of Ai(G) by defining A(g) = &
for every ¢ € G with g ¢ U. Moreover, for k < n we interpret an element
A € Ak(G) as an element A € A,(G) by defining A0) = A(0) U (1"F) and
A(g) = Alg) for all g € G\{0},

For two elements A € A;,(G), u € Ay(G), we define the element A U u €

Apmin(G) via (A U E) () = A(g) v u(g) for every g € G. We can now describe
the conjugacy classes of the direct product of two groups of the form U { S.

Lemma 5.4.2. Let U,V < G be subgroups of G and k,{ € N with k+ { < n.
Consider the subgroup H = (U1S4) x (V1Sp) of G1 Sy, where A,B < [n] are
disjoint subsets with |A| = k and |B| = (. Then the conjugacy classes of H are
indexed by the set

{Auplde AU, peAdv)f.

Proof. Every element of H is the product of an element of U!S,4 and an
element of V1 Sp. Let x = (f,0) e U1Sa and y = (g, 77) € V 1 Sp. Then their
product is given by

xy = (f +o0g,0m).

Here, we have f = (f1,..., fn) € G" with f, € U for a € A and f; = 0 otherwise.

Similarly, we have ¢ = (g1,...,9n) € G" with gy e Vforbe Band g; = 0
otherwise. Note that since A and B are disjoint, ¢ acts trivially on ¢ and we
find that

xy = (f+g,0m).

Recall that the conjugacy classes of x and y are given by the cycle lengths of

o and 71, respectively, together with the signs of the cycles (see Section 5.2.1).

Since S4 and Sp permute disjoint subsets of [1], we find that the set of cycle
lengths of o7t is simply the disjoint union of the set of cycle lengths of ¢
and the set of cycle lengths of 7. Moreover, since A and B are disjoint, the
cycle signs of ¢ and 7 do not change. Hence, if x is of cycle type A and y
is of cycle type u, then xy is of cycle type A U u. The cycle type of xy as an
element of G S, is then obtained by adding cycl_es of length 1 for all elements
of [n]\ (A v B) (if k + ¢ < n). This corresponds exactly to how we identified
elements of Ay, ((G) with elements of A, (G), proving the theorem. O

Denote by C(¢) the set of all A € A,(G) such that there exists an element in
Hy that lies in the conjugacy class C, of W. Applying Lemma 5.4.2 repeatedly
immediately gives the following result.
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Theorem 5.4.3. Let ¢ € A, (G). Consider a stabiliser H, of a o-tabloid and write
Hy = Hy x--- x Hy

for some £ € N where H; = U; ! Sy, for some subgroup U; < G and k; € IN. Then we

have
14
{U )\ EAk )}

The following result should be compared to Theorem 5.3.11 and highlights
that the concept of a g-clique is dual to the concept of ¢g-transitivity. Recall
that the conjugacy class of the identity of W is indexed by the unique element
A e Ay(G) with A(0) = (17).

Theorem 5.4.4. Let ¢ € £,(G) and let Y be a non-empty subset of W with inner
distribution (a,). Then Y is a g-clique if and only if

ay =0 forall A e C(o) with A(0) # (17).

Proof. Let x,y € Y be distinct elements of Y. Then the conjugacy class of x~ 1y
is not that of the identity of W. If a, = 0 for every A € C(¢) with A(0) # (1"),
then the conjugacy class of x 1y is not indexed by an element A € C(¢) because
in view of (3.7), x 1y € C, implies a, > 0. It follows that x !y cannot be an
element of HY = wH,w ™! for any w € W. Since the groups H® for w € W are
exactly all the stabilisers of g-tabloids, xfly does not fix a o-tabloid and thus
Y is a g-clique.

For the converse direction, note that if x € C, stabilises a ¢-tabloid T, then
wxw~! stabilises the g-tabloid wT. Hence, either all elements of a conjugacy
class C, stabilise some ¢-tabloid or none. Thus, if Y is a g-clique, then the
conjugacy class of the quotient x~!y for distinct x,y € Y cannot be a conjugacy
class of an element of H,. This shows that ay = 0 for A € C(¢) with A(0) #
(1m). O

We now establish a connection between ¢-transitive sets and ¢-cliques in W.

Theorem 5.4.5. Let 0 € A, (G), let H = H,, be the stabiliser of a g-tabloid and let Y
be a non-empty subset of W.

(a) If Y is a g-clique, then |Y| < |W|/|H| with equality if and only if Y is o-
transitive.

(b) If Y is g-transitive, then |Y| = |W|/|H| with equality if and only if Y is a
o-clique.

In both cases, equality implies that Y is sharply o-transitive.
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Proof. Observe that for each (x,y) € H x Y there is precisely one element
w € W with wx = y (namely w = yx~1). Thus, we have

1Y ~wH| = [v] |H]. 58)
weW
The quotient of any two elements in Y n wH fixes a g-tabloid. Hence, if Y is a
og-clique, then every summand on the left hand side of (5.8) is at most 1. This
gives |Y| - |H| < |W|, proving the bound in (a). Now, since H is the stabiliser
of a g-tabloid T, the coset wH contains precisely the elements of W that map
T to wT. Thus, if Y is o-transitive, then every summand on the left hand side
of (5.8) is at least 1. This gives |Y| - |[H| = |W|, proving the bound in (b).
In both cases, equality occurs if and only if |Y n wH| = 1 for every w € W
and every stabiliser H of a g-tabloid. This is equivalent to Y being sharply
o-transitive. [

Theorem 5.4.5 (a) can also be obtained using the clique-coclique bound (see
Theorem 3.3.6).
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We now turn to generalisations of Theorem 4.3.3 by Livingstone and Wagner.
Let 0,7 € X,,(G). We write ¢ > 7 if for every subset Y of W we have

Y is g-transitive = Y is T-transitive.
Hence, writing

My = {A e An(G) | — A},

Theorem 5.3.11 implies
g>T <= My 2 Ms;.

We shall give a characterisation of the relation > in special cases. We say
that o € £,(G) is simple if ¢(U) = ¢ for each non-trivial proper subgroup U
of G. If |G| > 1, then the shape of a simple ¢ € X, (G) is the pair (o, p) where
c({0}) = 0 and ¢(G) = p. In order to fit the case |G| = 1 into this framework,
we define the shape of a partition o € 2,({0}) to be (c, &). We shall identify a
simple ¢ € X,,(G) with its shape. We define the size of a double partition (o, p)
to be |o| + |p|. For double partitions (¢, p) and (7, 77) of the same size n, we
write (¢, p) > (7, ) if their corresponding partition tuples in X, (G) are related
in this way. Note that if G has prime order, then simplicity of ¢ € ¥,,(G) is no
restriction.
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We call ¢ € X,,(G) parabolic if it is simple of shape (o, (k)) for a non-negative
integer k (the case k = 0 should be read as (¢, &)). We write (c, k) for the
shape (o, (k)). The term "parabolic" stems from the fact that if ¢ is parabolic in
the hyperoctahedral group, the case G = C,, then the corresponding stabiliser
H; is a parabolic subgroup if W is viewed as a Coxeter group. It turns out
that parabolic ¢ are especially nice to work with and capture important
transitivity types like t-transitivity for ¢ = ((1/),n — ) and t-homogeneity for
a = ((t),n—1).

Example 5.5.1. Consider W = C4! Sg9 where we write C4 = {0,1,2,3}. Then
the subgroups of C4 are C; = {0}, C; = {0,2} and C4 = {0,1,2,3}. The element
0 € Y9(Cy) with

a(Cr) = (32), a(C2) = (2), a(Cyq) = (11)
is not simple because ¢(C;) # . The element ¢ € X9(Cy) with
a(Cy) = (321), 0(Cr) = &, 0(Cy) = (21)

is simple and its shape is the double partition ((321), (21)). However, ¢ is not
parabolic because ¢(C4) has more than one part.

We start with some simple yet helpful properties of the relation >.

Proposition 5.5.2. Let (o, p) and (T, ) be two double partitions of the same size
satisfying (o, p) > (T, 7v). Then we have

(@) p A,
(b) o' >7,
(c)cupdtum.

Proof. To prove (a) and (b), consider A € A,(G) givenby A(0) = mand A(g) =T
for some fixed non-zero g € G (in the case G = {0}, we have 7 = &J and use
A e Ay ({0}) with A(0) = 7). Then we have (7, 7) — A, and since (c, p) > (T, ),
we must also have (0, p) — A. In other words, there must be a colouring of
(0, p) giving rise to y € A, (G) with u(g) <A(g) for every g € G.

Let u € Ay(G) be obtained from such a colouring of (c, p). The parts of p
must occur as parts in p(0). Hence, p < u(0) <A(0) = 7, and so p <,
proving (a). a -

Now consider the partition y(g) for the fixed non-zero g € G from above.
Only boxes of ¢ can be coloured with g, so all boxes of yu(g) have to come
from . Notice that for every k, the number of boxes in the first k columns
of y(g) cannot be larger than the number of boxes in the first k columns of ¢.
Hence ¢’ &> u(g) > A(g)' = T’ and so ¢’ > T/, proving (b).
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To prove (c), consider A € A,(G) given by A(0) = T u r. Then we have
(t,m) — A and so (0, p) — A. The only way to achieve this is to colour every
box of (o, p) with the element 0. This forcescu p I T U 7. ]

Example 5.5.3. The following example shows that the conditions (a), (b), (c) in
Proposition 5.5.2 are in general not sufficient to guarantee (c, p) > (7, 7r). Take

(0,p0) = ((811),(22)) and (7,7) = ((22), (311)).

Then, the conditions of Proposition 5.5.2 are satisfied.

Let A € Ag(G) be given by A(0) = (31%) and A(g) = (1?) for some fixed
non-zero § € G. Then (1, 1) — A holds, but (¢, p) — A does not hold. Hence,
(o,p) = (t, ) is not true.

Notice however that in the case G = {0}, G S, is the symmetric group and
all three conditions in Proposition 5.5.2 reduce to ¢ < 7. This is sufficient to
guarantee that a o-transitive set is also T-transitive by Theorem 4.3.7.

We shall however prove that the conditions (a) and (c) in Proposition 5.5.2
are sufficient to guarantee (o, p) > (7, 7r) in the parabolic case.
Let us first investigate how the relation > behaves when changing the shape

(0, p) slightly.

Lemma 5.5.4 (Dominance rule). Let (o, p) and (7, 7t) be two double partitions of
the same size satisfying |c| = |t|, ¢ <t and p < 7t. Then we have (o, p) > (T, 7).

Proof. Since > is a transitive relation, we can show (o, p) > (7, 7r) in two steps
via (o,p) > (0, ) > (T, 7).

First, we show that (o, p) > (o, 7). Consider A € A, (G) with (o, 1) — A. We
have to show (0,p) — A. According to Definition 5.3.7, there is B € A,(G)
arising from a colouring C of the boxes of (¢, 7r) such that 5(g) < A_(g) for all
g € G. We need to find a colouring C of (o, p) in step (1) of Definition 5.3.7
such that we obtain (c,p) — A.

Define C by colouring the boxes of ¢ in (¢, p) in the same way as in the
colouring C of (c, 7). Colour all boxes of p with 0 (this is forced because
of G° = {0}). This assignment defines a colouring C of (o, p) which gives
v € Au(G) with y(g) = B(g) for ¢ # 0. Moreover, writing « for the partition of
boxes of ¢ that are coloured with 0, we have 7(0) =aupand B(0) = au .
Since we have p < 7r, we obtain (0) < 5(0). Hence, we find that_z(g) <dA(9)
for every g € G, proving (o, p) SA

Now we show (o, ) > (7, 7). Consider A € A,(G) with (t,77) — A. We
have to show (o, ) — A. Since ¢ < 7, the Young diagram of T can be obtained
from the Young diagram of ¢ by moving up boxes one at a time. Since the
relation > is transitive, it is enough to consider a single box that is moved up,
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say from row j to row i. Thus, we can assume that 7; = 0; +1, 7 = 0; — 1 and
T, = 0y for every k # i, ].

According to Definition 5.3.7, there is € A,(G) arising from a colouring of
the boxes of (7, 7r) such that B(g) < A(g)_for all g € G. Consider the colouring
of the boxes of T in row i and row J- Since 0; > 0j, we have 7; > 7; + 2. Thus,
there exists an element ¢ € G such that in row i of T there are more boxes
coloured with ¢ than in row j of T. Because the actual position of the colours
in a row does not matter, we can assume without loss of generality that the
boxes at the end of row i are coloured with g.

Now define a colouring of (o, 7r) by copying the colouring of the boxes of .
In other words, the box that was moved from row j to row i to obtain T from
o is coloured with g and all other boxes of ¢ are coloured in the same way
that they were coloured in 7. All boxes of 7 have to be coloured with 0. This
colouring of (o, 7r) gives v € A, (G) with y(h) = B(h) for every h # g.

Now consider B(g) and v(g)- Let x denote the number of times that I'§
appears in row jof Tin the colouring giving rise to B. By the choice of g,
we find that ¢ appears x + k times in row i of T for some k > 1. Thus, B(g)
contains the parts x and x + k. By construction of the colouring of (o, 1), ( Q)
contains the parts x + 1 and x + k — 1. Since all other parts of B(g) and ;( Q)
are the same, we get y(g) < B(g). Hence, we find that (g) < A_( Q) for e\_fery
g € G, proving (o, ) SA a O

Proposition 5.5.2 and Lemma 5.5.4 immediately give a characterisation of
the relation > in the case |o| = |T|.

Corollary 5.5.5. Let (0, p) and (7, 7r) be two double partitions of the same size. If
o = || (thus |o| = |7t[), then

(0,0) = (t,1) —= oc<tand p <.

If 0 is a partition and k and r are positive integers, we denote by ¢ +, k the
partition obtained by adding k to the part ¢; of ¢ and then possibly reordering
the parts to obtain a partition. In other words, we add the sequence 0"~k to
the sequence ¢ and reorder ¢ such that it becomes a partition.

The next lemma describes a way to move some boxes from the left entry of
a double partition (¢, p) to the right entry.

Lemma 5.5.6 (Sum rule). Let (0, p) be a double partition satisfying o, < ps for
some positive integers r and s. Then, for each non-negative integer k, we have

(c+rk,p) = (0,0 +sk).

Proof. Let A € A, (G) with (0, p +sk) — A. We have to show that (o +,k, p) — A.
According to Definition 5.3.7, there is p € Ay (G) arising from a colouring C of
(0, p +s k) such that B(g) JA(g) forall g € G.
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Define a colouring C of (o ++k,p) as follows. Colour all boxes of o +, k that
are also boxes of ¢ in the same way they are coloured in the colouring C of
(o, p +5 k). Colour the k remaining boxes (that is the boxes that were added to
the part 0;) and all boxes of p with the element 0 (the colouring of the boxes
of p is forced). This colouring C of (0 ++k, p) gives v € Ap(G) with v(g) = B(g)
for all g # 0. - a -

Note that in the part o; + k, there are x + k boxes coloured with 0 € G for
some integer x satisfying 0 < x < o. Hence, 5(0) contains the parts x and
ps + k while (0) contains the parts x + k and p; . We now distinguish the order
of these partg.

If x + k < ps, then (ps, x + k) is a partition satisfying (ps, x + k) < (ps + k, x). If
x +k > ps, then (x + k, ps) is a partition satisfying (x + k, ps) < (ps + k, x) since

X < 0y < ps. In both cases, we find that (0) < B(0) < A(0) and so y(0) < A(0).

Hence, we find that y(g) < A(g) for every g € G, proving (0 +,k,p) > A. [

Figure 5.3 illustrates the sum rule.

0,1 . [, [T

Figure 5.3: The sum rule

Notice that in Figure 5.3, we could have used the sum rule twice to avoid
having to reorder the rows of the left tableau. First, use the sum rule to move
one box from the second row of the left tableau to the first row of the right
tableau. Then, use the sum rule again to move two boxes from the first row of
the left tableau to the first row of the right tableau. Figure 5.4 illustrates this.

o, (. [,

Y

Figure 5.4: The sum rule revisited

We can think of the grey boxes in Figure 5.3 as “falling down by gravity” so
that we pick the grey box in row two in Figure 5.4 rather than the grey box
in column two and row one in Figure 5.3. Working our way from the bottom
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up, it is clear that the sum rule can always be applied and no parts have to be
reordered.

We emphasise two special cases of the sum rule. The first rule says that we
can move whole parts from the left entry of the double partition (c, p) to the
right entry.

Corollary 5.5.7 (Union rule). Let (c,p) be a double partition. Then for every
partition & we have

(cua,p) > (o,pua).

Proof. Since the relation > is transitive, it is enough to consider a = (k)
for some integer k. Take r and s in the sum rule (Lemma 5.5.6) such that
0r=ps=0.Theno +,k=0cu (k)and p+sk = p U (k). O

The second special case states that we can exchange a part from the left
entry of the double partition (¢, p) with a part from the right entry provided
that the part on the left is bigger than the part on the right.

Corollary 5.5.8 (Exchange rule). Let (o, p) be a double partition and let i,j be
integers with o; > p;. Define the double partition (0, 0) as the double partition (7, p)
but with the part o; of o and the part p; of p exchanged (then possibly reordering the
parts to obtain a partition). Then we have (o, p) > (7, ).

Proof. Write 0; = p; + (0; — pj) and take k = 0; — p; in the sum rule (Lemma 5.5.6).
[]

Figures 5.5 and 5.6 visualise the union rule and the exchange rule.

o, (1. [, e

Figure 5.5: The union rule

1,00 . O, [T

Figure 5.6: The exchange rule

It turns out that using the dominance rule and the sum rule, we can show
that the necessary conditions from Proposition 5.5.2 are actually sufficient
for parabolic types. Hence, we can completely characterise the relation > for
parabolic types.
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Before we prove this, we define the union of a partition with a sequence of
the form (0, ¢ — k) for some integers 0 < k < ¢. This will be useful to neatly
write down some conjugate partitions.

Definition 5.5.9. Let A be a partition and let k, ¢ € IN with 0 < k < /. Let
i € N be minimal such that A; < k (such an i always exists as A is an infinite
sequence ending in zeroes). Then we define A U (05, — k) to be the partition
given by

)\U(Ok,gk){)\_’—l(gk)’ ifi;lOri>2and£<Ai_1,

A+iq1 (0 —=Aj1) +; (Aj_1 — k), otherwise.

The operation of adding a part of the form (05, — k) to a partition cor-
responds to adding a box to the columns k +1,k+2,...,¢. If there is a gap
between some boxes in a row, then the boxes are moved to the left to close the
gap. Figure 5.7 gives two examples using the partitions (111) u (02,3) = (411)
and (4311) U (0%,3) = (5421).

[T 1] [ 1]

Figure 5.7: The partitions (111) u (02,3) and (4311) U (02,3)

The reason for introducing this operation is the following lemma.

Lemma 5.5.10. Let n,k,{ € NwithO <k <landlet A —nand y—n— (£ —k)
be partitions. Then we have

A+ 0R17F — A< U (0K, 0 —k).

Proof. Assume that A >y + 0K1/=% and write i = u + 0¥1/K. In general, i is a
composition. Notice that adding boxes to the rows of yu is equivalent to adding
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boxes to the columns of ’. Hence, if ji is a partition, then we can simply take
duals and deduce

A< o0k, 0 —k).

We show that this is still true if ji is not a partition.

If 7i is not a partition, then there exists i € N with 7i; < 7;,. For u + 051¢7F,
this can only happen for i = k but we will not assume this in order to iterate
the argument. We distinguish two cases.

If A; < fij;1, then we find A; 1 < A; < ;1. Because of A > ji, we have

M. o+A =+ +

If this inequality was an equality, then by adding A;, 1 to both sides it would
follow that

Moo+ A+ A =014+ P+ Ay <Pp+ o+ i+ i,
contradicting A > ji. Hence, we find

MA oo+ >+ o+ = M+ + A =0+ i+ L
Now

Moo+ A=+ i >+ i1 — 1,

so A also dominates the composition (fi1,...,H; + 1,41 —1,...) that is ob-
tained from ji by moving a box from row i + 1 to row i.
If A; = Jij 1, then A; > Ji;, so A; — ji; > 0. Because of A > ji, we find

M4+ A=+
If this inequality was an equality, then it would follow that
M.+ A <)\1+...+)\1’_1+)\1’—ﬁ1’ = ;L~l1+...+ﬁi—ﬁi = ﬁ1+...+]/~li_1,

contradicting A > ji. So we again deduce that A also dominates the composition
(p1,..., 4i+1, ;1 —1,...) that is obtained from i by moving a box from row
i+ 1 torow i.

Aslong as Ji is not a partition, so as long as we find an index i with fi; < pij, 1,

we can repeat the argument. Applied to the composition 7 = u + 01¢7%,

we
find that if ji is not a partition, then iy 1 = piy + 1 > jix. Hence, we can move
the box at the end of row k + 1 as far up in its column as it will go. If there are
more parts of the same size below, we can repeat the process. In the end, we

will have moved all boxes in that column to the top. This creates a partition.
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It follows that if A > u + 0¥1~*  then A also dominates the partition that
is obtained from y + 01~ by moving all boxes in a column as far up as
possible. In the dual, this corresponds to moving all boxes in a row as far left
as possible. This agrees exactly with Definition 5.5.9, so we obtain

ANy o005 0—k). O
We can now characterise the relation > for parabolic types.

Theorem 5.5.11. Let (0, k) and (t,¢) be two double partitions of the same size. Then
(0,k) > (1,0) < k<{land (cu (k) (Ttu ().

Proof. The forward direction follows from Proposition 5.5.2.
For the reverse direction, assume that k < £ and (o u (k)) < (Tt U (¢)). Taking
duals, it follows that ¢ + 1¥ > v/ + 1¢ and therefore

o' > 1+ 016k,
Hence, from Lemma 5.5.10 we find
c<tu (05 0—k),

so we deduce that (c,k) > (T u (0%,¢ — k), k) using the dominance rule
(Lemma 5.5.4). We now distinguish the two cases in Definition 5.5.9.
If T U (05,0 —k) = T +; (£ — k) for some i, then 7; < k and we find

(0, k) = (T+; (L —K),k) = (T,k+ (£ — k) = (7, )

using the sum rule (Lemma 5.5.6).
IfTu (050 —k) =7+,_1 (£ —Ti_1) + (ti_1 — k) for some i, then again T; < k
and we find

(0, k) = (T +i1 (0 = Ti—1) +i (Tim1 — k), k) = (T +im1 (€ = Ti1), Tim1) = (T, 4)
using the sum rule (Lemma 5.5.6) twice. O

This theorem gives an easy criterion to compare parabolic transitivity types
in the group W. It is a generalisation of the Livingstone-Wagner theorem
(see Theorem 4.3.3) from S, to the group W. Moreover, in the case G = Cy,
the parabolic types become the double partitions (¢, &), so we have k = 0
and Theorem 5.5.11 specialises to Theorem 5 in [46], the generalisation of
the Livingstone-Wagner theorem by Martin and Sagan for the symmetric
group Sy.

Let us apply Theorem 5.5.11 to W = G315, the symmetry group of the
n-dimensional cube.
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Example 5.5.12. Let W = C;1 S;, be the hyperoctahedral group, also denoted
as By. Then all types ¢ are simple.

First, let n = 3 and consider the parabolic types ¢ = (2,1) and T = (1,2).
They correspond to the subgroups Hy = S, x By and Hr = S1 x By. Geomet-
rically, we have seen in Figure 5.2 that the double partition (2,1) stands for
edge-transitivity and the double partition (1,2) stands for face-transitivity.
Applying Theorem 5.5.11 gives (2,1) > (1,2), that is every (2, 1)-transitive set
is also (1,2)-transitive. Geometrically, this means that every subset of C; ! S3
that is transitive on the edges of a 3-dimensional cube is also transitive on the
faces of a 3-dimensional cube.

(2,1) (1,2)

4

We can generalise this observation to the n-dimensional cube. The stabiliser
of a t-dimensional face of the cube is S, x B;. Thus, the double partition
(n —t,t) describes transitivity on the t-dimensional faces of the n-dimensional
cube. Theorem 5.5.11 gives

(n—t,t)>=(n—s,s) < t<sand (n—t)u (t)) J((n—s)ul(s)).

We distinguish the cases t > n —tand t <n —t.

If t > n —t, then Theorem 5.5.11 gives (n —t,t) > (n —s,s) for every s > ¢
and (n —t,t) * (n—s,s) for every s < t. Thus, if n/2 <t < n—1, then a set
that acts transitively on the t-dimensional faces of an n-dimensional cube also
acts transitively on the (f 4+ 1)-dimensional faces.

If t < n—t, then Theorem 5.5.11 gives (n —t,t) > (t,n—t)and (n —t,t) *
(n—s,s) for every s with 0 < s < n —t except s = t. Thus, if 0 < t < n/2,
then transitivity on the t-dimensional faces of an n-dimensional cube implies
transitivity on the (n — t)-dimensional faces and we are in the first case again.

We summarise our findings in the following theorem.
Theorem 5.5.13. Let Y < Cy1 S, be a non-empty subset.

(a) Iftis an integer with n/2 < t < nand Y is transitive on the faces of dimension t
of an n-dimensional cube, then Y is transitive on the faces of dimension t + 1.

(b) If t is an integer with 1 < t < n/2 and Y is transitive on the faces of dimension t
of an n-dimensional cube, then Y is transitive on the faces of dimension n — t.
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Similar results hold for complex regular polytopes, that is the cases W =
Cr 1S, with r > 2 in Theorem 5.5.11.

We strongly believe that the dominance rule and the sum rule characterise
the relation > completely. That is, we make the following conjecture.

Conjecture 5.5.14. Let (0, p) and (T, 7r) be two double partitions of the same size.
Then the following are equivalent.

(@) (o,p) = (7, m)

(b) There exists a sequence (o, p;) with

(0,0) = (01,01) = (02,02) = ... = (0, 0k) = (T, 7T)

such that every step (0j,0i) > (0i41,pi+1) fori = 1,...,k —1 follows from
Lemma 5.5.4 (dominance rule) or Lemma 5.5.6 (sum rule).

We have verified this conjecture for the hyperoctahedral group C;1 S, for
every n < 25 for every double partition of size n. Note that the implication
(b) = (a) follows because the relation > is transitive.

We also have computational evidence that the following criterion charac-
terises the relation >.

Conjecture 5.5.15. Let (0, p) and (T, 7r) be two double partitions of the same size.
Then the following are equivalent.

(@) (o,p) = (T, m)
(b) There exists a partition p with |p| = |p| and p > p such that

pcmandoup<TUTT.

Notice that the condition in (b) is similar to the necessary conditions of
Proposition 5.5.2. If (¢, p) > (7, ), then it follows that p < 71, which is equiva-
lent to the existence of a partition p with |p| = |p| and p > p such that p < 7.
The conjecture claims that there is such a partition p that satisflescup <t U T
while Proposition 5.5.2 only asserts that o U p <7 U 7. Notice that the stronger
condition rules out the counterexample in Example 5.5.3 that shows that the
conditions of Proposition 5.5.2 are not sufficient. Furthermore, notice that The-
orem 5.5.11 is a special case of Conjecture 5.5.15 because k < ¢ < (k) < (¢).

There is a relation between Conjecture 5.5.14 and Conjecture 5.5.15. We
can think of the condition in Conjecture 5.5.15 as first using the dominance
rule for the double partitions (c, p) and (¢, p) and then using the sum rule.
It is not hard to show that if (c,p) > (7, 7) follows from a sequence of
applications of the sum rule, then the conditions of Conjecture 5.5.15 are
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satisfied. Furthermore, through careful case analysis, it can be shown that a
chain

(0,0) = (01,01) = (02,02) = ... = (0%, ) = (T, 70)

where each step can be explained through the dominance rule and the sum
rule can be transformed into a chain where the first steps follow from the
dominance rule and the remaining steps follow from the sum rule. Hence, we
get a condition very similar to the condition in Conjecture 5.5.15. We expect
that Definition 5.5.9 can be generalised to skew tableaux, giving a way to
prove the conjecture.

Remark 5.5.16. The results of this section can be generalised to non-simple
types o € X,(G). The partitions in ¢ are indexed by the subgroups of G. It is not
hard to see that suitable generalisations of the dominance rule (Lemma 5.5.4)
and the sum rule (Lemma 5.5.6) hold in this case.

First, it is clear that the dominance rule holds for every component ¢(U)
of ¢ independently as the proof of Lemma 5.5.4 works for a colouring coming
from an arbitrary group G.

For the sum rule, consider two subgroups U,V < G such that U < V
(equivalently U° 2 V°). Then, we can look at the double partition (¢ (U), o (V))
of two entries of ¢. For this double partition, the sum rule holds, that is, we
can move some boxes from the partition o(U) to the partition ¢ (V). The reason
is that the condition U < V ensures that the colouring can be copied as in
the proof of Lemma 5.5.6. Thus, the sum rule holds for any two entries of ¢
indexed by U and V provided that U < V. It follows that the union rule and
the exchange rule also hold because they are special cases of the sum rule.

Finally, the property from Proposition 5.5.2 (c) generalises to non-simple
types by taking the union of all partitions ¢(U) for U < G.

5.6 DESIGNS, CODES AND ORTHOGONAL POLYNOMIALS

Certain association schemes, namely P- and Q-polynomial schemes, are closely
related to orthogonal polynomials in the sense that their character tables
arise as evaluations of such polynomials (see [5] or [19]). The conjugacy
class scheme of C; ! S, does not have these properties. Nevertheless, there is
still a relationship to certain orthogonal polynomials, namely the Charlier
polynomials. We show that there are characters associated with the Charlier
polynomials which have a nice decomposition into irreducible characters.
These characters and their decomposition can then be used to characterise
codes and designs in the group C; ¢ Sy,.
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5.6.1  Some Useful Results

We first collect some results that will be useful in this section.
One useful technique is the well-known binomial transform. First, for n,m €
INo with n > m, consider the well-known identity

1 k n k 1 k n k

S () () = D (R () - o 59)
k=m k=m

which can be obtained from the binomial theorem as

S (1) () - 2o () (o)

k=m k=m

For a sequence (ay)ienN,, We can consider the sequence (s;)qen, defined by
5 (n
Sn = Z (k) akl
k=0

called the binomial transform of (ay)ren,- Now, multiplying this equation by
(=1)"™"(") and summing over 7, we can use Equation (5.9) to find that

T (’;)s (5.10)

for every k € INp. Switching from one sequence to the other is also called
binomial inversion. Furthermore, if t € INg is an integer and we consider the
sequence (S, )n—o,. + defined by

ok
SN
k=0 \"
then using similar calculations, Equation (5.9) implies that
t N
— —1)"*- .
= B () 11)

for every k € {0,...,t}.
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We also make use of the branching rule. The group S,_1 can be embedded
into the group S, in a natural way (take the set of all permutations ¢ € S, that
fix n). Similarly, the group C,1S,_1 can be embedded into the group C; 1 Sy.
Hence, it is natural to ask what the restriction of an irreducible character
of C; 1S, to G2 5,1 looks like. This question is answered by the branching
rule. Once we understand the restriction, the opposite question of inducing
a character from C;1S,_1 to C; 1S, follows immediately from Frobenius
reciprocity.

We first give the branching rule for the symmetric group and then the
statement for the generalised symmetric group. First, we need a definition.

Definition 5.6.1. Let n € N and A |~ n. The set A~ is the set of all partitions
of n — 1 that can be obtained from A by decreasing a part by 1. Similarly, for
neNgand A - n, the set AT is the set of all partitions of n + 1 that can be
obtained from A by increasing a part by 1 or by adding a part of size 1 to A.

Notice that we are only considering partitions, not compositions. Hence, we
are ignoring all sequences obtained by increasing or decreasing a part that are
not partitions. In other words, if A has multiple parts of the same size, then
we may only increase the first of them and we may only decrease the last of
them.

The sets A~ and A* are illustrated in Figure 5.8 using the partition (43311).
The blue boxes are the boxes that can be removed to obtain a partition in
(43311)~ and the red boxes are the boxes that can be added to obtain a
partition in (43311)*.

[ H

Figure 5.8: The sets A~ and A*

So we see that

(43311)~
(43311)"

((33311), (43211), (4331)},
((53311), (44311), (43321), (433111)}.

The branching rule can now be stated in terms of the sets A~ and A™.

Theorem 5.6.2. Let n € IN and A +— n. Then we have
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@ XM = X X
UEA™

) X tet= 3 X
peAt

This formula is well-known and gives rise to much of the combinatorial
structure of the representation theory of the symmetric group. For a proof of
the formula, see [54, Theorem 2.8.3] for example.

There is a variant of the branching rule for wreath products of the form
G Sy (see [51, Theorem 10]). We adapt the statement to groups of the form
Cy 1 Sy. First, we give the appropriate analogues of the sets A~ and A" for
partition tuples.

Definition 5.6.3. Let n € N and A € A,,(C;). The set A~ is the set of all partition
tuples p € A;,_1(C;) that can be obtained from A by decreasing a part of a
partitioz A(g) for some g € C, by 1. Similarly, for n € Ng and A € A,(C;),
the set A™ is the set of all partition tuples y € A, 11(C,) that can be obtained
from A by increasing a part of a partition_A(g) by 1 or by adding a part of
size 1 to A(g) for some g € C,.

In other words, A~ (resp. A7) is the set of all partition tuples that can be
obtained from A by replacing precisely one entry A(g) with an element of

A(g)™ (resp. A(g)™).

As an example, let us compute the sets A~ and A™ for an element of A,(C;).

We identify the elements of C, with the set {0,1,...,7 — 1} and write an element

A€ Ay(Gy) as a tuple A = (A(0),A(1),...,A(r— 1)) indexed by O,...,r — 1.

When no confusion can arise, we omit the brackets of the partitions A(g) for
better readability. For example, we write (2,31, 1) instead of ((2), (31), (1)).
For the partition tuple (2, &, 1) € A3(C3), we have

2,0,1)” ={1,9,1),2 3, 9)},
2,a,D)"={3,a,1),21,3,1),(2,1,1),
(2,5,2),(2,3,11)}.

We can now state the branching rule for the group C; 1 S;,.

Theorem 5.6.4. Let r,n € N and A € A, (C,). Then we have

A GRS
(a) X~ lc:25271: Z XE/
peA”

CnS,
(b) XA TQ;SnH: Z XE'
peA”
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For a proof, see [51, Theorem 10]. We remark that a proof can also be
obtained from our proof of Theorem 5.3.10 by going through the proof for the
case H = C, ! S;,_1 in more detail. Further, note that Theorem 5.6.4 reduces to
Theorem 5.6.2 in the case r = 1.

A well-known result that will be useful together with the branching rule is
the following. It connects induction and restriction of characters.

Theorem 5.6.5. Let G be a finite group and let H be a subgroup of G. Furthermore,
let x be a character of H and let 1 be a character of G. Then we have

(x16) 9= (x-v1F) 15
For a proof, see [57, Chapter 7.2].

5.6.2  Charlier Polynomials

The Charlier polynomial of degree k with parameter a € R, a > 0, is given by
(a) - TLAp
a — —
) = B0,
j=0

where (x); = x(x —1)--- (x —j + 1) is the falling factorial. Some properties of
these polynomials can be found in [36, Chapter 1.12]. The first polynomials
are

1y — 1,

Cx)=a 22— 20 +ad)x+1.

@
—_
&
—~
=
N
l
[

In fact, Cﬁa), Cé”), ... form a system of orthogonal polynomials with respect
to the Poisson distribution with mean a. That is, we have

o0
2
i=0

i

| AN

c@i)C @) =0 fork+ L. (5.12)

i!
Sometimes the Charlier polynomials are defined to be the polynomials akCIEa)
or (—l)kClga). However, all of them satisfy the orthogonality relation (5.12).

It is well-known that the monic Charlier polynomials p,((a) satisfy the recur-
rence

xpr(x) = pry1(x) + (k +a)p(x) + kapg_1(x)
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for every k € IN where péa)(x) =1 and pga)(x) = x —a. Since the leading
()

coefficient of C;" is a~*, it follows that the Charlier polynomials C]Ea) in the

way we defined them satisfy the recurrence
xC (x) = aC?), (x) + (k + a)C\") (x) + kC”, (%) (5.13)

for every k € IN.
For g e G115y, let

0(g) = % {(c, ) e [r]x [n] | &(c,i) = (¢, )}

That is, 6(g) is the number of fixed points of the natural action of C, 1 S,
on [r] x [n], scaled by 1/r. Then 0 is a class function of C,! S, taking values
in {0,1,...,n} (note that g(c,i) = (c,i) for some ¢ € [r] and i € [n] implies
g(c,i) = (c,i) for every ¢ € [r]). We write w; for the number of elements
g € G Sy, satisfying 6(g) = i. Using the inclusion-exclusion principle, one can
derive the expression

nl =i (—1)i
1!

wi = pr
i jtrl
see for example [14, Section 7]. We shall later see that this expression also
follows from our results (see Remark 5.6.14).

The function 6 is a class function and it defines a uniformly distributed
discrete random variable on C; ! S;,. It was shown in [14, Prop. 7.4] that, for

k < n, the k-th moment of 6 equals the k-th moment of the Poisson distribution

with mean 1/r (the condition k < n was erroneously omitted in [14, Prop. 7.4]).

The k-th moment of the Poisson distribution is given by the expression

1§ (')i

Hence, we obtain

~e\>—l

(5.14)

AR :Ilfléwi'ik: i@

geG

for every k < n. We mention in passing that the k-th moment of the Poisson
distribution with mean 1/r is given by

i G) S(k, i),

i=1
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where S(k, i) are the Stirling numbers of the second kind, counting the number
of partitions of a set of size k into i non-empty subsets.

As C,El/r)Cl(l/r) is a polynomial of degree k + I, we find from (5.12) and (5.14)
that the Charlier polynomials also satisfy the orthogonality relation

n
Z 1/? 1/”( i)=0 fork#/andk+ /< (5.15)

With every polynomial f(x) = fux" 4+ --- + fix + fo in R[x], we associate
the class function f(0) = f,0" +--- + f10 + folc,s,. This induces an algebra
homomorphism from R[x] to the set of class functions of C, 1 S,.

Let {; be the permutation character on ordered j-tuples of pairs (cy, i) €
[r] x [n] with all i} pairwise distinct. By convention, ¢y is the trivial character
of C,;1 S,,. Note that

& =100 —1)...(0—j+1) =1 (0);.

Hence, we have

k
1/7 2 <) j fork=0,1,...,n, (5.16)

and from (5.10), we obtain
L em
i = Z (k> C, () forj=0,1,...,n (5.17)
k=0

For 0 < k < n/2, we now determine the irreducible constituents of C,El/ r)(9).
Recall that for two elements A € A/(G) and p € Ay (G), their union A U p €
Apyn(G) is defined as (A v p)(g) = A(g) v p(g) for every g € G.

Theorem 5.6.6. For each k satisfying 0 < k < n/2, we have

1/7’ Z deg n k&,... J)uA
/\GAk Cr)

In particular, C}El/r) (0) is a character of C, 1 Sy, and for A € A, (C;) we have
(C(0),x2) #0 — A(0), = n—k.
Proof. From (5.13), we find that for a = 1/r we have the recurrence

rxCM (x) = 0 (x) + (rk + 1M () + k) (x)
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for every k € IN. The Charlier polynomials are uniquely defined by this
(1/r) (1/7)

recurrence and the first two polynomials C;,"’(x) = 1and C; " /(x) = rx — 1.

Letting x = 6, we find the recurrence

roC"(6) = C1(0) + (rk + 1)CL7(6) + rkCLT) (6).

for every k € IN. This is an identity of class functions.
Let

denote the proposed expression for Clgl/ r)(()). We show Clgl/ r)(9) = ,Er) for

k < n/2 by showing that C(()l/ r)(G) = Fér) and Cgl/ r)(G) = Fl(r) and then showing

that F,fr) satisfies the recurrence

r0F") = F(0) + (rk + 1)E) + rkE(, (5.18)

for every ke N with 1 <k < (n—2)/2.
First, notice that

C§(0) = 1, = X7 = R,
Cﬁl/r)(e) =10 —1cys, = €1 — X(”/Q,m,@).

Notice that ¢; is the fixed point character of C, ! S, in its natural action. The
stabiliser of a point is C,1S,_1,s0¢; = 1 1 85?:’[71 The trivial character of
Cr 1 S,—1 is indexed by the partition tuple (n — 1,5, ..., ). Hence, we find
from the branching rule (Theorem 5.6.4) that
CnSy,
61 - 1 TCrSSn—lz Z XE
peA”

where A = (n—1,,..., ). The partition tuples in the set (n — 1, &, ..., )"
are easily seen to be

(Tl-l,@,...,@)—’_ :{(Tl,@,...,@),((”—1,1),@,...,@),
n-1,1,9,...,.9),...,(n=1,7,...,,1).

These are precisely the partition tuples of the form (n —1, &, ..., &) u u where
u € A1(C,) together with the partition tuple (1, &, . .., &) which indexes the
trivial character. As C, S1 = C,, we find that all characters x% with u € A1(C;)
are 1-dimensional. Hence, we find that B

C%l/r) (9) _ Cl _X(n,g,,@) _ Z deg()(ﬁ) X(Hfl,@,...,@)uﬁ _ Fl(r)
EEAl(Cr)
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Now let k € N with 1 < k < (n—2)/2. Since 1 = ¢ = 1 TCr B we
first investigate the product & x"*@-~@)YA for some A e Ak(Cr). From
Theorem 5.6.5, we find

& X(n—k,@,...,@)uA _ (1 Tcrzsn > X(n—k,@,...,@)uA

:(1'9((” kD, @uAlcrsn )Tcrsn

711

—k,,..., A 1 CSy CR Sn
= <X(” Dy s D)L lCzSn > T

The restriction of the character X(”_k'@"“'@)UA to C; 1 S,—1 can be computed
using the branching rule (Theorem 5.6.4). Notice that because we assume
k < (n—2)/2, it follows that k < n — k. Hence, the partition tuple A cannot
contain a part of size n — k. It follows that when using the branching rule
for the partition tuple (n —k, &, ..., &) U A, we may decrease the part of size
n —k and the parts of A independently. Thus, we obtain

n—k,&,....J) oA lc,zsn

—k
X Sl _ kL@ @) 3 ik D

per”

Similarly, we can compute the induction of the characters using the branching
rule. Notice that we have k < n —k — 1. It follows that when using the
branching rule for the partition tuple (n —k—1, &, ..., &) U A, we may increase
the part of size n — k — 1 and the parts of A independently. Thus, we obtain

(n—k-1,,....F)uAr Crsn
T nl

(kB BN 3 kB B p

peA®

X =X

and
(ﬂ*k,@,...,@) Crzsn
( X . TCVZSn—l

— (n—k,....) I CriSn

(n—k—i—l,@,...,@)uk_i_ Z Z X(n—k,@,...,@)ul.
HeA” HEAT TEpT

I
M\‘
>
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Putting it all together, we find

Clx(nfk,@,...,@)@
_ <X(n—k,®,...,®)uA icrzsn ) Tcrzsn

Crzsn_l Crzsn_l
_ X(nfk,g,...,g)uA
n 2 X(n—k—l,@,...,@)ug
peA”
+ Z X(n—k—l—l,@,...,@)uﬁ
HEA™
+ Z Z X(n—k,@,...,@)uz'
E€A71€E+

Now we can compute the product rGFk(r) and obtain

rF) =& F) = 3 deg(xd) gy kD 2)A
AeAL(Cr)
= Z deg()(A) X(ﬂ—k,@,...,@)u&

AeN(Cy)

+ Z deg(x* Z X" —k=1,G,..8)op
)LEAk Cy) VE)PL

Y deg(x?) 3 plnRHLD)n
)\EAk(Cr) ‘HE)\

+ Z deg Z Z X” —k,D,... J)v
AEAk Cr) VEA T€E+

- F+A+B+C

where
Z deg Z X (n—k-1,0,...8)uu ,
AeAL(Cy) ye}\+
Z deg(x Z X (n—k+1,3,...8)op
)\EAk Cr) ]46)\
- Y degrh) 3] 3 xvheos
)\EAk C,) yeA TGE"’
In view of Equation (5.18), it remains to show that A = Fk( +)1, = rka(r_)l and
C= rkP,Er).

First, notice that summing over all pairs (A, j1) where A € Ax(Cy) and p € +
is equivalent to summing over all pairs (A, u) where p € Ay 1(Cr)and A e ™.
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This is easily seen by double counting the set of all pairs (A, #) such that
Ae Ak(Cy), ue Ai1(Cr), A(g) < p(g) for some g € C, and A(h) z_y(h) for all
h # g. This ‘condition ensures that # € AT which is equivalent toAe uo. It
follows that B -

A = Z deg(x anklg D)
AeAk(Cy) EEAJF

Z 2 deg(XA) X(n—k—l,@,...,@)uE

AeAK(Cy) ﬁ€A+

_ Z Z deg(XA) X(n—k—l,@,...,@)uﬁ

HEN11(Cr) Aep™

EEAkJrl(Cr) Aep~

Now let i € Ap41(Cr) and recall that deg(x") = x"(e). Since restricting a
character does not change its dimension, we find from the branching rule that

deg(xt) = deg (x* &2 ) = (x 1E1e™) (@)

= D, Xy = ), deg(x"

Aep~ Aep~

Thus, we deduce that A = Flf +)1

Similarly, notice that summing over all pairs (A, y1) where A € A¢(C;) and
W e A" is equivalent to summing over all pairs (A E) where p € Ar_1(Cy) and
Ae E+' It follows that

B_ Z deg(x Z kLG D)o
/\GAk(Cr) EEA

= 2 Z deS(XA)X(”_kﬂ’@’""@)%

AeA(Cr) HEA™

_ Z 2 deg(XA) X(n—k-‘rl,@,...,@)uﬁ

neAg_1(Cr) Aep™

— Z ( 2 deg()(‘)) X(n—k—l—l,@,...,@)ug

EEAkfl(Cr) A€E+
Now let u € Ay_1(C;). Since inducing a character from C; ! 51 to Cr 2S¢

changes its degree by = [oxETm| |Cr 5" | = = rk, we find that

rkdeg(x") = deg (?cE ta ) = (K e ) @

= > xt(e) = ) deg(x®)

AGE"F AEE"F
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Thus, we deduce that B = rka(r_)l.

Finally, we turn to C. Notice that summing over all triples (A, u, T) with
A € Ag(Cy) such that y € A~ and 7 € u™" is equivalent to summiné over all
triples (A, p, T) with I_e Ax(Cy) such that pet and A e pu. It follows that

= ), deg(x) X, ) xUHEDM

)\EAk Cy) VGA TGEJF

SO Y deg(x) xn kB2

AEA(Cr) per™ Tep™

2 Z 2 deg(xﬁ))((”_k'g""’g)ul

TeN(Cr) pexT— Aept

_ Z Z Z deg()(A) X(”—k@,m@)vz
TeN(Cr) \pex— Aept
Now let T € Ai(C;). As before, we find
CnS CnS CnS CnS
rkdeg(x®) = deg (x* 1l 1&1e ) = (X 1E 16 ) (@)

= > D xte) =, ), deg(xh)

peT Aept peT Aept

Thus, we deduce that C = rkF,fr) which completes the proof. O

In other words, Theorem 5.6.6 implies that for 0 < k < n/2, the charac-
ter C,gl/ r)((?) decomposes into those characters y* such that the biggest part
of A(0) is n — k. Furthermore, notice that the case r = 1 in Theorem 5.6.6 gives
exactly the statement of Theorem 7 in [62].

We get the following corollary from Theorem 5.6.6.

Corollary 5.6.7. For 0 < k, ¢ < n/2, we have
" @),cM(6)) = k.
Proof. We find from Theorem 5.6.6 that

<c“/”< 8),Ci""(8))

= > Y deg(x?) deg(xt) (xR DAy =D D)ok,
AN (Cr) pe((Cr)

Since k, ¢ < n/2, we have that n —k,n — ¢ > n/2 and thus n — k and n — ¢ are
the biggest parts of the partitions in the entry indexed by 0. Thus, the inner
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products can only be non-zero if n — k = n — ¢, equivalently k = /. In this case,
we find that

Z 2 deg(;&) deg(x4) <X(n—k,®,---,@)u4, X(n—k,Q,...,Q)UE>
AEN(Cr) pei(Cr)

= D D, deg(xM)deg(x!)drn
AAL(C) peAr(Cy)

= D, deg(xh)

AeN(Cr)

Now the formula

Y, deg(x)* =G|
xelrr(G)

finishes the proof. O

Remark 5.6.8. Observe that ¢ is the induction of the trivial character of the
subgroup (51)F x (C-1S,_k) to Cr 1 Sy. An application of Theorem 5.3.10 with
o e £,(C,) given by ¢({0}) = (1¥) and ¢(C, 1 S,,) = (n — k) therefore gives

Eox™#0 = (F)n-k —A

for each A € A, (C;). From the definition of the relation —, it is easy to see
that the elements A satisfying ((1¥),n — k) — A are precisely those satisfying
A0); = n—k.

It follows from Theorem 5.6.6 that for 0 < k < n/2, inputting 0 into the
k-th Charlier polynomial Clgl/ 2 gives the irreducible characters x? that satisfy
A(0); = n — k. These are precisely the irreducible constituents x* appearing in

the decomposition of ¢ but not in the decomposition of ;1.

5.6.3 Designs and Codes

Henceforth, we call a ((1f),n — t)-transitive set Y of C,1 S, a t-design. In the
symmetric group, that is the case r = 1, a t-design is simply a t-transitive
subset. The index of Y is the number of elements in Y that stabilise an arbitrary
((1%), n — t)-tabloid (so the index is the constant c in the definition of a transitive
set). Thus, a t-design is transitive on the t-tuples ((c1,71), ..., (ct,it)) where the
elements ¢y € [r] are arbitrary and the elements i € [n] are pairwise distinct.
We call a t-design of index 1 a sharply t-transitive set.

We also call a ((1"~%*1),d — 1)-clique Y of C,1 S, a d-code. Hence, for any
distinct x, y € Y we have that x 'y does not stabilise a ((1"~9*1),d — 1)-tabloid.
This implies that for any distinct x,y € Y there are at least d elements i € 1]
such that x and y map (0, 1) to different elements.

We can also give a geometric interpretation of t-designs.
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Example 5.6.9. Let G = C; and n = 3. Then W = (1S3 is the symmetry
group of a 3-dimensional cube. For a 1-design, we need to study the subgroup
H = (C315;. Geometrically, H is the stabiliser of a face of the cube. Thus,
Y < (G183 is a 1-design if and only if Y is transitive on the six faces of a
3-dimensional cube.

We can extend this example to t-designs and arbitrary n € IN. Then we con-
sider the subgroup H = (S1)f x C20Sy—t = C21S,—+. Here, H is the stabiliser
of a chain of faces Fy € F; < ... < F; of the cube where F; has dimension
n — t + i. In other words, H stabilises a ((1!), n — t)-flag (see Chapter 1). Thus,
Y € G315, is a t-design if and only if Y is transitive on the set of ((1t),n —t)-
flags of the n-dimensional cube. Similar interpretations can be given for other
regular polytopes.

Using the results from Section 5.3, we can characterise codes and designs in
terms of the inner and dual distribution, respectively.

Corollary 5.6.10. Let Y be a subset of C; 1 Sy, with inner distribution (a,) and dual

distribution (a) ). Then Y is a t-design if and only if
ay =0 foreach A € Ay(Cy) satisfying n —t < A(0); < n,
and a d-code if and only if
ay =0 foreach p € An(Cy) satisfying n —d +1 < E(O)/l —E(O)’z < n.

Proof. The first part follows from Theorem 5.3.11. Note that for ¢ € %,(G)
given by ¢({0}) = (1') and ¢(G) = (n —t), we have ¢ — A if and only if
A(0); = n —t, as was already observed before.

The second part follows from Theorem 5.4.4. We have to compute the set
C(c) for ¢ = ((1"~9*1),d —1). First, note that the conjugacy classes of C,1 S,
appearing in the subgroup C; ! S;_; are exactly the classes indexed by the
set Ay_1(C). Moreover, the trivial subgroup S; only has the trivial conjugacy
class p € A1(C;) with u(0) = 1 and p(g) = & otherwise. Hence, Theorem 5.4.3
gives?hat the elements of C() are p_recisely the elements y € A, (C;) satisfying

p= (""", ol

for some element A € A;_1(C;). Taking duals, we see that these are precisely
the elements p € Ay (G) with p(0); —p(0); =n—d +1. O

Note that d(x,y) = n — 8(x~'y) defines a metric on C,?S,,. We can therefore
define codes and a distance distribution in the usual way. For a non-empty
subset Y of C, ¢ S, we define the distance distribution to be the tuple (A;)o<i<n,
where

1 .
A= Ty {xy) e Y xY | dx,y) =i},
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and the dual distance distribution of Y to be the tuple (A} )o<k<n, Where
_ Z cn—i)A;,

or equivalently

_ 1
A= X A0 ) =g X A dxy). (519
xer x,yeY

We can characterise t-designs in terms of zeroes in the dual distance distribu-
tion.

Proposition 5.6.11. Let Y be a subset of C; 1 S, with dual distance distribution (A})
and let t be an integer satisfying 1 < t < n. If Y is a t-design, then A; = 0 for all k
satisfying 1 < k < t. Moreover, the converse also holds if t < n/2. That is, if t < n/2
and Ay = 0 for all k satisfying 1 < k <'t, then Y is a t-design.

Proof. First, assume that Y < C, 1 S, is a t-design. From (5.19) and (5.16), we
find that

_ %é(_l) ( > PNt (5.20)

x,yeY

By Theorem 5.3.10, the permutation character ¢; decomposes into those ir-
reducible characters 2 for which A(0); > n — j. Moreover, since Gj is a per-
mutation character, it contains the trivial character 1¢ s, as an irreducible
constituent with multiplicity 1. From (3.15) and Corollary 5.6.10, it then follows
that for all j with 0 < j <'t, the inner sum in (5.20) is

2 Gy = Y Tes, (3 Ty) = YR
x,er x,er

Hence, for all k with 0 < k < t, we have

k
_ ki (kY CInk
Y';‘)( 0 f(].) Y1+ (—1)F = Yoo

So we find that A} = 0 for all k satisfying 1 <k <t
Now, for each k with 0 < k < n/2, we find from Theorem 5.6.6 that

ey = Y deg(xt)

AeAn( cr) :

Together with (5.19) and (3.15), we have that
1 A Apo1
A§<=MEZ deg(x®) > Xrxly) = D .

x,yeY AN, (Cy) :
A(0)1=n— k A(0)y=n—k



56 DESIGNS, CODES AND ORTHOGONAL POLYNOMIALS

Suppose that t < n/2 and A; = 0 for all k satisfying 1 < k < t. Since the dual
distribution 4’ is non-negative, it follows that a’A =0 for all A € A,(C,) with
n—t < A(0); < n. Corollary 5.6.10 then implies that Y is a t-design. O

We also have the following bounds.

Corollary 5.6.12. Let Y be a subset of C,1 S;, and let d and t be the largest integers
such that Y is a d-code and a t-design. Then

() < Y] <" (1) g

Moreover, if equality holds in one of the bounds, then equality also holds in the other
and this case happens if and only if d = n — t + 1.

Proof. Use Theorem 5.4.5 for ¢ = ((1*),n —t) and o = ((1"74*1),d — 1). O

If we let ¥ = 1, then the upper bound in Corollary 5.6.12 becomes a well-
known bound for permutation codes (see Theorem 4.2.3). Moreover, the
bounds in Corollary 5.6.12 can be achieved by sharply t-transitive sets. A
construction for sharply 2-transitive sets is given in Section 5.7.

The last result is about distance distributions. It turns out that the distance
distribution of a subset Y of C; 1 S, is uniquely determined, provided that Y is
a t-design and a d-code where d > n —t.

Theorem 5.6.13. Suppose that Y is a t-design and an (n — t)-code in C, 1 S,,. Then
the distance distribution (A;) of Y satisfies

Ani= ji;(—l)j_i@ (;l) <7j|(1’2|)j B 1)

foreachie {0,1,...,n—1}.

Proof. We have
P
Al = Z C]E /r)(i)An_i. (5.21)
i=0

Using binomial inversion (5.10), we find from the definition of the Charlier
polynomials that

i
r(x); = el ). (5.22)
] I;) (k) k

Multiply both sides of (5.21) by (]](), sum over k, and use (5.22) to find that

kﬁj@(,i) z=§An_irf (i
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Since Y is a t-design, we find from Proposition 5.6.11 that A} = --- = A} = 0.
So for every j e {1,...,t}, we have

n
6 = 2 Ap_i rl (1)]
i=0

Similarly, since Y is an (n — t)-code, we have A] = ... = A, ;1 =0, and we
find

t

Ay = Ao (n)j + Y Ap_i ! (i),

i=0
for every j e {1,...,t}. Moreover, we have Ag = 1 and A = |Y| and therefore
. t .
Y[ =7 (n); = > Apit (i);
i=0

for each j € {1,2,...,t}. Divide by j!#/ to obtain

i)(;) 4 ;Z (m); _ <;z!>j (mr;(:’)(jmj) _ @ (ﬂ\(l;\)j _ 1)

foreach j e {1,2,...,t}. Now (5.11) gives the desired result. O

Remark 5.6.14. Note that for Y = C,1S,, we have that Y is an n-design
and a 1-code. Moreover, A, _; equals the number of elements in C,? S, with
precisely i fixed points, hence A,,_; = w;. In this case, Theorem 5.6.13 gives
the well-known expression

nlyn—i i (—=1)/

! 0 jtrl

w; =

fori = 0,1,...,n —1 after some elementary calculations. Additionally, we
clearly have the value w, = 1.

57 CONSTRUCTIONS AND APPLICATIONS

In this section, we give a simple construction of t-designs in C, ! S, using
t-designs in S, and orthogonal arrays. This construction is reminiscent of
constructions of designs in permutation groups using Gelfand pairs, see [6]
and [33] for general groups, [46] for S, and [24] for GL(#, ). For a Gelfand pair
(G, H), such constructions use designs in H and G/H to construct designs in G
(more information on Gelfand pairs is given in Section 6.1). We also present
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an application of our results to the well-known prime power conjecture for
finite projective planes.

It is well-known that (C,? Sy, Sy) is a Gelfand pair (since C, is abelian) that
has applications to parking functions (see [1] for details). It also gives rise to
an association scheme. The point set of this scheme is (C, ! S;)/S,, which we
identify with C;'. We do not need to analyse this association scheme further
but we remark that orthogonal arrays with n columns and r symbols can be
interpreted as subsets of this scheme. We have already seen orthogonal arrays
as designs in the Hamming scheme (see Theorem 3.2.13).

In what follows, we identify the elements of C, ! S, with pairs (y, z) where
y € C and z € S,. The following result is immediate.

Proposition 5.7.1. Let Y be a t-design in S, and let D be an orthogonal array of
strength t with n columns and r symbols. Then

{(gy)[geD,yeY}
is a t-design in C, ! Sy,.

Proof. Note that there are constantly many elements (g,y) which map a ¢-
tuple ((c1,71),.-.,(ct, i¢)) with all iy pairwise distinct to another ¢-tuple of this
type. ]

The special case that Y = S, in Proposition 5.7.1 was also stated by Ito [33,
Section 8] in a more general context.

The construction of Proposition 5.7.1 is visualised in Figure 5.9 in the group
C2 1 S3. On the left, we have the permutation ¢ = (123) written in one line
notation as (¢(1),0(2),0(3)) and in the middle we have an orthogonal array
of strength 2 with 3 columns and 2 symbols.

For a permutation ¢ € S;, we create a generalised permutation for every
row of the array. These are visualised on the right: every row is a generalised
permutation, in our case a signed permutation. If we choose to let blue denote
the element + (that is, no sign change) and red the element — (that is, a sign
change), then the first row stands for the signed permutation with 1 — -2,
2 — 3 and 3 — 1. The other rows can be interpreted similarly. Note that a row
of coloured numbers uniquely determines a generalised permutation.

Example 5.7.2. If r is a prime power and r > n + 1, then it is well-known
that there are orthogonal arrays of strength ¢ with n columns and r symbols
of minimum size r'. These objects are equivalent to MDS codes in H(n,r) of
minimum distance n —t 4+ 1. Hence, if > n + 1 and there exists a t-designin S,
of index 1 (namely a sharply t-transitive set in S;), then by Proposition 5.7.1
there exists also a t-design of index 1 in C;? S;,. For example, if n is a prime
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Figure 5.9: Construction of designs in C, ! S,

power, then AGL(1,n) inside S, is a 2-design of index 1 and hence there
exist 2-designs of index 1 in C, ! S, whenever r and n are prime powers with
r=n+1.

Not every t-design in C; 1 S;; comes from the construction of Proposition 5.7.1.
For example, there is a 2-design of index 1 in C;? S5 consisting of 80 elements
(see Appendix a.1). If this example came from Proposition 5.7.1, then it would
have to come from a sharply 2-transitive set in S5 and an orthogonal array A
of strength 2 and index 1. Then A would have to have precisely 4 rows and
5 columns over the alphabet {0,1}. However, it is easy to see that such an
orthogonal array does not exist (see a.1).

Now note that by Corollary 5.6.12, each t-design Y in C, ! S, must satisfy
|Y| = r!(n). Using the results of [37], we now show that there are always
t-designs in C; ! S, almost as small as this lower bound.

Corollary 5.7.3. Let r,n,t be integers satisfying r > 2, n > 1,and 1 < t < n.
Then there exists a t-design Y in C, 1 S, satisfying |Y| < (crn) for some universal
constant ¢ > 0.

Proof. From [37, Theorems 1.1 and 1.6], we find that there exists an orthogonal
M)le
f

and a t-design Y in S, satisfying |Y| < (cpn)%?" for some universal constants

array D of strength t with n columns and r symbols satisfying |D| < (

c1,¢2 > 0. The statement of the corollary then follows from Proposition 5.7.1.
]

Note that Corollary 5.7.3 also gives the existence of more general designs in
C; 1Sy, since in view of Theorem 5.5.11, every t-design is also a (o, p)-design,
where (0, p) is a double partition of n such that p; > n —t.

Now, we give an application of our results to finite projective planes. For an
introduction to projective planes, we refer the reader to [31]. We make use of
two well-known results on the existence of projective planes.

Theorem 5.7.4 (Bose [9]). There exists a projective plane of order n if and only if
there exists a complete set of n — 1 mutually orthogonal Latin squares of order n.
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It is well-known that there exists a complete set of mutually orthogonal
Latin squares of order n if and only if there exists an orthogonal array of
strength 2 with n + 1 columns, n symbols and index 1 (see for example [61,
Theorem 6.38]). Thus, the existence of a projective plane of order n is equivalent
to the existence of a 2-design in the Hamming scheme H(n + 1, 1) of index 1.

It is also well-known that the existence of a finite projective plane of order n
is connected to the existence of a sharply 2-transitive set in S;, so a 2-design
in S, of index 1.

Theorem 5.7.5 (Hall [29]). There exists a projective plane of order n if and only if
there exists a sharply 2-transitive subset of Sy,.

Using Proposition 5.7.1, we can construct a 2-design in C, ! S, from a 2-
design in S, and an orthogonal array of strength 2. This gives the following
theorem.

Theorem 5.7.6. Let n be a positive integer. If there is no 2-design of index 1 in
Cy—11 Sy, then there is no projective plane of order n — 1 or there is no projective
plane of order n.

Proof. We show that the existence of a projective plane of order n — 1 and
order n implies the existence of a 2-design of index 1 in C,_1 1 Sy,.

A projective plane of order n gives rise to a 2-design in S, of index 1. A
projective plane of order n — 1 gives rise to an orthogonal array of strength 2
with 7 columns and n — 1 symbols of index 1. Now Proposition 5.7.1 gives a
2-design in C,,_11 S, of index 1. O

If n is a prime power, then there exists a projective plane of order or n. In
this case, the non-existence of a 2-design in C,,_1 ! S, implies the non-existence
of a projective plane of order n — 1. Similarly, if n — 1 is a prime power, then
the non-existence of a 2-design in C,_11 S, implies the non-existence of a
projective plane of order n. We summarise our findings in the following
corollary.

Corollary 5.7.7. Let q be a prime power. If there is no 2-design of index 1in C;_1 1S,
then there is no finite projective plane of order q — 1. If there is no 2-design of index 1
in Cq 1 Sg41, then there is no finite projective plane of order q + 1.

Note that it is possible that there exist 2-designs of index 1 in C,,_; 1 S, that
do not come from the construction of Proposition 5.7.1 like the example in a.1
in Cy ! Ss. In this case, Theorem 5.7.6 cannot rule out the existence of a finite
projective plane. More detailed analysis of the structure of transitive sets in
Cn—11Sy is needed to explore this connection further.
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5.8 OPEN PROBLEMS

We list some open problems for further research that the reader might be
interested to work on.

(1) Prove Conjecture 5.5.14 or Conjecture 5.5.15.

(2) Find geometric interpretations for g-transitive sets in the groups G S,
where G is not cyclic.

(3) Can Corollary 5.7.7 be used to show the non-existence of a finite projec-
tive plane? In order to rule out the case n = 12, one would have to work
in the group Cy11S12 or Ci2 1 S13.

(4) Investigate T-designs for other sets T that were not dealt with in this
thesis.



DESIGNS OF PERFECT MATCHINGS

We now turn to a different association scheme — the perfect matching association
scheme. Although this association scheme is not a conjugacy class association
scheme like the ones studied in Chapter 5, it has many striking similarities.
This is because the perfect matching association scheme comes from a so-called
Gelfand pair. It provides us with zonal spherical functions that have properties
similar to irreducible characters.

Recall that 1-factorisations and hyperfactorisations are examples of partition
systems. We generalise the notion of s-(2, n) partition systems to A-factorisations
by replacing the parameter s with a partition A and use the theory of asso-
ciation schemes to investigate them. In an s-(2, 1) partition system, any set
of s — 1 subsets of size 2 appears a constant number of times. The counting
involved does not give rise to restrictions on the parameters s and n (see
[12, Theorem 7.2]). We show that similar counting arguments work for A-
factorisations and give rise to non-trivial divisibility conditions by comparing
different partitions A.

In this chapter, we first give a brief introduction to Gelfand pairs. Then,
we introduce the association scheme of perfect matchings and give formulas
for the Q-numbers. We define A-factorisations and show that they are T-
designs in the sense of Delsarte. Using our characterisation, we compare
A-factorisations for different partitions A, obtaining a result that can be viewed
as an analogue of the Livingstone-Wagner theorem. Furthermore, we derive
divisibility conditions that give rise to restrictions on the parameter n and
various non-existence results. We end with a survey of A-factorisations for
small n and some open problems.

6.1 GELFAND PAIRS AND ASSOCIATION SCHEMES

We start by presenting some well-known theory of Gelfand pairs. An excellent
treatment of Gelfand pairs is given in [45] from which the statements about
Gelfand pairs in this chapter are taken. In fact, the conjugacy class scheme
of the generalised symmetric group that we studied in Chapter 5 is also a
Gelfand pair. Hence, it is not surprising that these association schemes behave
similarly in many ways.
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6.1.1  Group Algebras

The theory of complex group algebras will prove useful to derive results about
association schemes. Denote by C[G] the complex group algebra of G. It is
the vector space CG of complex functions on G together with convolution as
multiplication. The group algebra C[G] is generated by the basis (ey)sec. We
can think of a function f : G — C as the formal sum

f=2f0)es.

ceG

Going the other way, we can think of an element f € C[G] as a function from
G to C where f(0) is the coefficient of e, when f is written in terms of the
basis (es)sec. Since every character x of G is a function from G to C, every
character is an element of the group algebra C|[G]. The multiplication of two
elements f, g € C[G] is defined as

(f=8)(0) = 3 floT h)g(T)

7eG

for every o € G. Let H be a subgroup of G. Denote by ey the element

1
ey = —=— Z ey.
’H‘ heH

Then ey ey = ey and ey is an idempotent of the group algebra. As a
function from G to C, we have ey (c) = |H| "' if c € H and e(c) = 0 otherwise.
Inside C[G], we can investigate the subalgebra ep » C[G] = epy. As convolution
of a function f : G — C with ey roughly corresponds to averaging f over H
(from the left or from the right), we find that ey » C[G] * ey is the algebra of
functions f : G — C such that

f(hoh') = f(¢) forallh,h' € Hand o€ G,

that is, the functions that are both left- and right-invariant under multiplication
with elements of H. Thus, ey » C[G] = ey is the algebra of functions from G
to C that are constant on the double cosets HoH of G. This algebra will be
denoted by C[H\G/H]. It inherits the inner product (-, -) from CG.

6.1.2 Gelfand Pairs

We refer the reader to [45, Ch. VIL.1] for an introduction to Gelfand pairs.
A (finite) Gelfand pair is a pair of a group G and a subgroup H < G such
that the group algebra C[H\G/H] is commutative. Equivalently, (G, H) is a
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Gelfand pair if and only if the induced character 1 1 g of H is multiplicity-free
(by Schur’s Lemma). We will only work with finite Gelfand pairs, hence the
following theory assumes that G is finite.

Every Gelfand pair (G, H) gives rise to an association scheme by considering
the transitive action of G on the (left) cosets of H, and taking the orbits of G
on pairs for the relations. Letting G = Sy, and H = S50 S, we have that

Son  _ 2)
1 TSZ?Sn_ 2 X ’
An

hence (Sz,, S215,) is a Gelfand pair. We refer the reader to [45, Ch. VIL.2]
for an excellent treatment of this Gelfand pair. Following [45], we drop the
factor of ﬁ in the definition of the inner product of C[G] when working in
the Gelfand pair (Sz,, S21Sy) and use the inner product given by

f.8) =Y, flo)glo)

UESZn

for every f, g € C[Sa,].

In spirit with the theory of Coxeter groups, we denote the subgroup 5,15,
by B,. We have that |B,| = 2"n!. The subgroup B, is not a normal subgroup
of Sy, SO Spu/By is not a group and hence we cannot work directly with
characters and permutation representations. However, every Gelfand pair
has so-called zonal spherical functions that behave very similarly to irreducible
characters, and many calculations with irreducible characters in a group can
be mimicked with zonal spherical functions in a Gelfand pair.

The zonal spherical functions of the Gelfand pair (Sy,, B,;) are functions
from S,, to the complex numbers. They are indexed by the partitions of n. In

A

the group algebra C[Sy,], the zonal spherical functions w” are given by

A 21 27
w = X" %€, =¢€p,* X

where x?* is the irreducible character of S, indexed by the partition 2A. From
the definition, it is immediate that the zonal spherical functions are constant
on the double cosets B,oB,, so we find that w* € C[B,\S2,/B,]. The double
cosets are indexed by partitions of n and we denote the value of the zonal
spherical function w* on the double coset of type p by wﬁ. Explicitly, the value
of w” on an element o € Sy, is given by

1
W) = = 3 Kb,
| n|heB,,

The zonal spherical functions of the Gelfand pair (Sy,, S2 1 S,;) have the follow-
ing properties.
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Theorem 6.1.1 ([45, Ch. VII (1.4)]). Let n € IN and A, u — n. Then,
(i) w™ =1,
(ii) wt(c™) = WM (o) forall o € Sy,
(iil) {w”, why =6y, (2n) x> (1)7Y,
(iv) wh s wh = 6y,cpw? for some ¢y # 0,
(v) The zonal spherical functions (™), form an orthogonal basis of C[B;\S2,/B].

So the zonal spherical functions can be thought of as analogues of the
irreducible characters of a group.

Remark 6.1.2. The conjugacy class scheme investigated in Chapter 5 is a
Gelfand pair. To see this, let G be a finite group and consider the direct
product G x G. The diagonal group

diag(G) = {(8,8) € G x G | g€ G}

is a subgroup of G. It is easy to see that (G x G, diag(G)) is a Gelfand pair.
First, notice that the irreducible characters of G x G are precisely the products
Xi - Xj where x; and y; are irreducible characters of G. Now we calculate using
Frobenius reciprocity

et Ti;; ,Xit Xj) = (aiag(c), (Xi * X;) igizgc Gy = \G| > xi(g) - xi(9)
geG

Z xi(g = (X Xj)-

geG

If x; is an irreducible character of G, so is X;, hence we find from Theo-
rem 2.1.23 that

_ 1, xi=Xxi
<Xi/Xj>{ P

0, otherwise.

It follows that the induced character 1 Tg:gc () 1s multiplicity-free and hence
(G x G,diag(G)) is a Gelfand pair.

The base set of the association scheme that arises from the Gelfand pair
(G x G,diag(G)) is the set of left cosets of diag(G). It is clear that each coset
contains a unique element of the form (x,e) for some x € G. Hence, we can
identify the base set with the group G this way.
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The relations of the association scheme are the orbits on pairs. Let (x,e¢)
and (y, e) be representatives of two cosets of diag(G) where x,y € G. Then the
orbit of the pair ((x,e), (y,e)) consists of all pairs of the form

(&h)- ((x,e), (y,e) = (g%, h), (gy, h))

for (g,h) € G x G. Now (gx, h) represents the same coset as (¢xh~!,e) and
(gy, h) represents the same coset as (gyh 1, e). So in terms of our identification
of cosets with elements of G, the orbit of the pair (x,y) is given by

Rixy) = {(gxh_l,gyh_l) eGxG|gheG}. (6.1)

We show that this is a relation of the conjugacy class scheme.
First, notice that every element (gxh~!,gyh~1) e R(y,y) satisfies

(gxh D leyh™! = hxtg7tgyn™t = hx~lyn~L.

That is, for every element (X, ) € R(y ), it holds that X1 is conjugate to x™1y.

It follows that R(,,) S Rc where Rc is the relation of the conjugacy class
scheme corresponding to the conjugacy class C of x~1y.

Conversely, let C be a conjugacy class of G, let c € C and consider the
relation Rc of the conjugacy class scheme. We show that Rc = R, ).

First, observe that if ¢ € G is conjugate to c, that is ¢ = gcg~! for some ¢ € G,
then (e,¢) € R, This follows from (6.1) by setting x = ¢,y = cand g = h.
Hence, R, ) = Rz for every c e C.

Now, notice that if (x,y) € G x G is a pair with x~1y = ¢ for some ¢ € C,

1 and

then (x,¥) € Ry = R(e)- This follows from (6.1) by setting g = x~
h = e. Hence, we find that the relation R, ) contains every pair (x,y) € G x G
with x1y € C, 50 Re = Ry ).

Thus, the association scheme from the Gelfand pair (G x G, diag(G)) turns
out to be the conjugacy class scheme of G and the zonal spherical functions
turn out to be the irreducible characters of G (up to a scalar). This explains the
similarity of the properties in Theorem 6.1.1 to the properties of irreducible

characters.

6.1.3 The Perfect Matching Association Scheme

We now describe the association scheme obtained from the Gelfand pair
(S2n, By) in more detail. (Some of what we cover below can be found in [41,
Section 4].) The base set of the association scheme is the coset space Sy,,/B,. As
B, is the stabiliser of a perfect matching of 2n points, we find that the cosets
of B, are in bijection with the perfect matchings of the complete graph on the
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vertices 1, ...,2n. We can thus think of cosets of B, as perfect matchings and
vice versa.

Denote by m* the perfect matching of the vertices 2i — 1 and 2i for i =
1,...,n. This can be thought of as a base matching or identity matching. It
corresponds to the coset of the identity, so m* = B,. The relations of the
scheme are indexed by partitions of n. Two perfect matchings m, i are in
relation R, (denoted by r(m,m) = A) if the (disjoint) union of m and m
consists of even cycles of lengths 2A1,2A,, ... . Figure 6.1 gives an example.

The set

Oy ={oB, | r(m*,0B,) = A}
is called the A-sphere. We have that
r(0By, TBy) = A < T’(Bn,O'_lTBn) = A < o 1B, e Q,.

If o € Sy, such that 0B, € (1), we say that ¢ has coset type A. This is justified by
the fact that o and T have the same coset type if and only if T € B,,0B,, (see [45,
Ch. VII (2.1)]). The double cosets are indexed by partitions of n. The reader
should note that the zonal spherical functions are constant on the A-spheres
just like the irreducible characters of a group are constant on the conjugacy
classes.

@—@

\"’ ‘\.’

Ceu Cy — type (31)

Figure 6.1: Two perfect matchings and their union

6.1.4 Eigenvalues of the Perfect Matching Association Scheme

Knowledge of the (dual) eigenvalues of an association scheme is of crucial
importance when investigating the dual distribution and designs. Godsil
and Meagher [27] have computed the eigenvalues of an association scheme
obtained from a finite Gelfand pair. We repeat the result here.
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Theorem 6.1.3 ([27, Cor. 13.8.2]). Let (G, H) be a finite Gelfand pair and A be the
association scheme obtained from the action of G on the left cosets of H. The matrix
idempotents of /A are Ey where the entries are given by

Ep(x;H,xjH |G\ Z o( x,ax
ceH

and ¢ is an irreducible constituent of 1 1.

Corollary 6.1.4. The idempotents of the perfect matching association scheme are
given by

2
Eu(x;Bu, xjBy) = X(zl;()l!) >, KMo

0eBy,

The (x;By, xjBy)-entry of E, is equal to Qu(p)/(2n — 1)!! where r(x;By, xjBn) = p,
equivalently xl._lx]- has coset type p. We obtain

Qulp) = X (1)w}.

Proof. Notice that

1) 1)
X(Zn()' Z )( xchx —X( ) Z X x xa
oeBy, oeB,

- X—EJ)'B”'W o5t

X
(21’1—1)” (x Lxp).

The value w* only depends on the coset type of x;lxi which has the same
coset type as (x]._lxi)*1 = x; ;. O

Using this corollary and Equation (3.9), we obtain a formula for the dual
distribution. The dual distribution of a non-empty set Z < S,,,/B;, is given by

= D) Qulp)ap(Z) = x*(1) Y, whay(Z)

prn prn

Hence,

a’V(Z) =0 = Z w’;ap(Z) = 0.
prn
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6.2 DESIGNS

In this section, we introduce a generalisation of hyperfactorisations of K.

Definition 6.2.1. Let A ~ 7 and consider all set partitions of shape 2A. A
set D # J of perfect matchings is called a A-factorisation if there exists a
constant ¢ > 0 such that for every set partition P of shape 2\ there are exactly
¢ matchings m € D such that m refines P. The constant c is called the index
of D.

Example 6.2.2. For every 1, an (n — 1,1)-factorisation with index 1 is just a 1-
factorisation, and an (n —2, 1, 1)-factorisation is a hyperfactorisation. Cameron’s
examples [12] arising from hyperovals of projective planes are (n —2,1,1)-
factorisations of index 1 where 2n = 2% + 2 for some integer a > 3. In-
deed, Cameron’s s-(2,2n) partition systems are precisely the (n —s,1,1,...,1)-
factorisations with index 1.

For every n and t < n/2, an (n — t, t)-factorisation is a set D # & of perfect
matchings such that for every subset S < {1,...,2n} of size 2t, there are a
constant number of perfect matchings in D that have t edges that all lie inside
of S. Hence, every subset of size 2t is covered constantly often by the perfect
matchings of D.

A hyperoval O of a projective plane II of order g is a set of g + 2 points
such that every line of IT intersects O in 0 or 2 points. Each point P not in O
defines a fixed-point-free permutation of O, taking an element X to the unique
element X” of O\{X} lying on the line spanned by P and X. The set of 4> — 1
permutations of O arising this way gives rise to an abstract hyperoval. Indeed,
each permutation is a complete product of 2-cycles, and so the set of perfect
matchings that arise is identical to Cameron’s construction. However, not all
abstract hyperovals arise from a hyperoval.

Example 6.2.3. Abstract hyperovals were introduced by J. G. Thompson in [63].
An abstract hyperoval A(X) on a finite set X is a set of fixed-point-free invo-
lutions on X with the following property: for any four elements 4,b,c,d € X,
there is a unique u € A(X) such that a* = b and c* = d. If | X| = n + 2, then we
say that A(X) has order n, and we see from the definition that # is even and
|A(X)| = n® — 1. De Clerck [16] showed that an abstract hyperoval of order 2s
is equivalent to a partial geometry with parameters pg(s,2s — 2,5 — 1). We
refer to [17] and [50] for more on this connection.

Now, a perfect matching defines a fixed-point-free involution, and vice
versa, because a fixed-point-free involution is a complete product of disjoint
2-cycles. So if 7 is even, a 2-(2, 1 + 2) partition system is a set of n% — 1 perfect
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matchings of K, such that every pair of disjoint edges {a,b} and {c,d} lies
in exactly one perfect matching. Thus, we see that abstract hyperovals of order
n and 2-(2,n + 2) partition systems are equivalent objects. This observation
generalises [12, Theorem 7.3], and can also be deduced from [17, Chapter 7]
and [25, Lemma 1].

For n = 2,4, the only abstract hyperovals are obtained by taking the set of
all fixed-point-free involutions. There is no example for n = 6 (see [48]) and
there are precisely two examples for n = 8 (see also [48]). So there are only two
2-(2,10) partition systems up to equivalence. In our language, there are two
(311)-factorisations of index 1. We will look at related examples in Section 6.4.
We remark that Thompson [63] explored the use of the representation theory
of Sy, to derive restrictions on the existence of abstract hyperovals, and we
take this viewpoint further and apply this theory to A-factorisations.

Our goal is to show the following theorem that characterises A-factorisations
as T-designs in an association scheme.

Theorem 6.2.4. Let D © Sy,/By, be a non-empty set of perfect matchings and (ay,)
be its dual distribution. Then

D is a Afactorisation <= a), =0 forall p - nwith A Iy # (n),

6.2.1 Antidesigns

We will prove Theorem 6.2.4 using the notion of antidesigns.

Definition 6.2.5. Let (X, R) be an association scheme and A, D < X be non-
empty subsets of X with dual distributions (a;{A)k:O,...,d and (a;cD )k=0,...d, Te-
spectively.

(a) The pair (A, D) is called design-orthogonal, if a;cA : a;cD = 0 for every k > 0.
(b) LetT ={ke{l,...,d}| a;A # 0}. Then we call A a T-antidesign.

It is clear from the definition that if the pair (A, D) is design-orthogonal and
A is a T-antidesign, then D must be a T-design. Hence, we can characterise
T-designs using T-antidesigns.

While a T-design can be thought of as a subset that ‘evenly covers” all
possibilities, a T-antidesign can quite literally be thought of as the opposite: A
subset that only covers one single possibility. Let us give an example in the
symmetric group.
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Example 6.2.6. Consider the symmetric group S, acting on the set {1, 2,3,4}.
The cyclic group Y = ((1,2,3,4)) is a transitive subgroup of S4. In other words,
it is a (31)-design in the symmetric group. The dual distribution a’ of Y is

d = (4,0,8,12,0)

where the dual distribution is indexed by the partitions (4), (31), (22), (211),
(1111) in that order.

A transitive group moves every element x to every element y constantly
often. The opposite of that is moving an element x to a fixed element y and
not to any others. The group elements that do this form a coset of the stabiliser
of x.

The stabiliser of 1 under the action of Sy on {1,2,3,4}is A = S;p34, = S3. It
is a Young subgroup of shape (31). The cosets

(1,2)0 A, (1,3)0A, (1,4)0A

are the sets of permutations that move the element 1 to 2, 3, 4, respectively.
The dual distribution @’ of A (and in fact the dual distribution of all of its
cosets) is

a' = (6,18,0,0,0).
Hence, A is a {(31)}-antidesign as “,(31) # 0.

Notice that the transitive subset C4 (which is a T-design for T = {(31)}) has
a 0 in the entry (31) where the dual distribution of the {(31)}-antidesign is
non-zero.

This is true in general. It turns out (see [21]) that if an association scheme
admits an automorphism group that acts transitively on each relation R;, then
a pair (A, D) is design-orthogonal if and only if the intersection |D n ¢(A)] is
constant when ¢ varies over all automorphisms of (X, R). This is the reason
why considering antidesigns and their dual distribution is a useful technique
to study designs. The approach of using antidesigns is also studied in detail
in [53].

Applied to the association scheme of perfect matchings, we find that Sy,
acts transitively on each of the relations R,. Let A - n and let Py be a set
partition of shape 2A. Consider the set A of all perfect matchings that refine P,.
A A-factorisation D of index c intersects A in precisely ¢ elements. Note that
Sy, acts transitively on the set partitions of shape 2A.

From the definition of a A-factorisation, we find that |D n ¢(A)| is constant
for all ¢ € Sy, as @(A) is the set of all perfect matchings that refine the
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set partition ¢@(P,). Thus, the pair (A, D) is design-orthogonal. If A is a T-
antidesign, then D is a T-design. Hence, it suffices to compute the set T such
that A is a T-antidesign.

We find that A is the set of left cosets of B,, with representatives in Sy, B,
where S;, is a Young subgroup of shape 2A. The size of A in the association
scheme Sy,,/B,, is

[S2aBal _ (Sl [Saal _ (2A)!
[Bal  [SoanBa|  [Bal  2"Al

where By = By, x By, x -+ x B/\I(A)' We have that |B,| = 2"Al
First, we compute the inner distribution of A.

Al =

Lemma 6.2.7. The inner distribution a,(A) is given by

ap(A) = 5571521 0 BuxpBy|

2MAL

where x, € Sy, is any element of coset type p.

Proof. First, recall that r(¢By,, TB,) = p if and only if the coset type of 17 is p.
Since every matching in A corresponds to a left coset 0B, and all elements
of 0B, have the same coset type, we get the number of pairs (¢B,, TB,) with
r(0By, TBy) = p by counting the number of pairs (¢, T) € (S, By)? such that

017 is of coset type p and dividing the result by |B,|2. Write

SoaBn = U Sopr
reR

where R < B, is a complete set of representatives of the decomposition of
So) By into right cosets of Sy). Then every element of z € A can be uniquely
written as z = or with ¢ € S;) and r € R. Note that |R| = |B, : Sop n By| =
|By : Byl = |A]|Bn|/|S21]. Counting the pairs in the symmetric group gives

[{(0,7) € (S22Bn)” | coset type(ff '7) = p}
— {(o,7,7,5) € (Sop x R)? | (o) t1s e ByxyBy}|
— {(o,7,7,5) € (Sop x R)? | r o7 tts e BuxyBy}|

= [RP?|{(o,T) e S5, |c 't e ByxpBy}| (asr,s€ R< By)
= |Sox| ]R]2| {o € Sy | o€ BuxpBy}| (as Spy is a group)
= ‘SZAHR‘ZISZ/\ A anan‘
| A% Bul?
=—FI§ B,x,B
’52/\| | 20 N BpXp l’l|
|A||B,J? 1524
= S B,x,B,. A
|B/\| | 24 M nxp n| (as| | |B |)

Dividing by |B,|? gives the number of pairs in the scheme S,,,/B,, and dividing

by |A| gives the inner distribution. O
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6.2.2  Characterisation of Designs

Before we proceed to give a characterisation of designs in the association
scheme of perfect matchings, let us present the characterisation for the sym-
metric group in a different way that motivates our computations with the
zonal spherical functions.

We find from Frobenius reciprocity and Equation (4.1) that for A, u - n

A n oA A n ; /
<C# > <1 TS X > <1S,,/X lS >_ |S Z X ‘Sy|deg<XA> a-

€Sy

So computing the inner product of the induced character with the irreducible
character x” is essentially equivalent to computing the entry 4, of the dual
distribution of a Young subgroup of shape p.

We can think of a Young subgroup Y of shape A as an antidesign for some
subset T. Then, a A-transitive set D is a T-design. Hence, if we can figure out
which irreducible characters are constituents of the induction of the trivial
character 1y, we have computed the set T.

Now we replace the irreducible characters with the zonal symmetric func-
tions and the induced character with something that behaves similarly. Let

9}\ = BBn * 12)\ * €Bn € C[Bn\SZn/Bn]

where 1,, is the trivial character of S;,. In C[Sy;,], 15, is the characteristic
vector of the subgroup 5;,. Explicitly, we have

9}\(0') (eBn*lz/\ eBn Z 12/\ ﬂO’b

We can decompose 6" in terms of the orthogonal basis of C[B,;\S2,/B,] given
by the zonal spherical functions w”. Let x, € Sy, be any element of coset
type p, recall that w# and 6" are constant on the double cosets and calculate

(wh, 0% = 7 wh(0)0M0) = > [BuxpBalwho* (x,)

0'652,, o-n

|B B Z |anan]wp Z 1px (ax,b).
pkEn a,beBy,

So it remains to calculate the inner sum. We find

Z 12/\(apr) = 2 Z 12A(apr) = 2 |52A maxan|.

a,beBy, aeBy, beBy, aeBy,

We have ax,B;, = bx,B, < a “1pe xan 1. Since a,b € B, we find that axp
and bx, are representatives of the same coset ifand only if a'b € B, nx, an ,
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equivalently a(B, n xanxfjl) =b(Byn xanxFTl). Let R < B, be a system of
representatives of the left cosets of B, / (B, n xanxp_l). By the argument above,
R is also a system of representatives for the left cosets rxpBy in Byx,By,. Then

we find
Z 1Sop N axpBy| = Z Z |Sox N1 xpBy |
a€By reR UeBnmxanxp_1

reR (TeB,qmchanT1
reR

reR

We have that (see [45, Ch. VII (2.3)])

|By/*
|Bn N xanxgl\

Putting it all together, we obtain

<wﬂ/ 9)\> =

okEn aeBy,

prn
= Z wg 1Sop N BuxpBy| = 2"A! Z wﬁap(A) (Lemma 6.2.7)
ptn pEn

2"\l 2MAL
= wya a,(A).
LS p;n” O

IBnI2

\Bnlz

Hence, (w#,0") gives the dual distribution of A up to a non-zero constant.
Indeed, (w", 8) is a positive multiple of the coefficient uy,» of the monomial
symmetric function m, in the expansion of the zonal polynomial Z, (see the
proof of [45, Ch. VII (2.22)]). This coefficient is 0 unless yu > A.
Furthermore, we find from [45, Ch. VII (2.23)] that Z, is the Jack symmetric
function with parameter & = 2. By [45, Ch. VI (10.13), (10.15)], u, > 0
whenever u > A. It follows that

(W, 0" #0 — ut>A.

We can now prove Theorem 6.2.4.
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Proof of Theorem 6.2.4. A A-factorisation D is a T-design where T is the set
of partitions such that the set A of left cosets of B, with representatives in
SoA By is a T-antidesign. By the calculation above, the dual distribution of A

is a,(A) = C(wt, ") for some non-zero constant C. Since (w*,0") # 0 if and
only if > A, the result follows. O

6.3 COMPARISON OF DESIGNS

By characterising A-factorisations in terms of the dual distribution, we can
compare A-factorisations of different types.

Theorem 6.3.1. Let A,y - nand & # D < Sy, /By, be a A-factorisation. If u™> A,
then D is also a y-factorisation.

Proof. Follows immediately from Theorem 6.2.4 and the fact that the domi-
nance order < is transitive. ]

Notice the similarity of Theorem 6.3.1 and Theorem 4.3.7.

Remark 6.3.2. Notice that the converse of Theorem 6.3.1 does not necessarily
hold if A is not ‘small” enough. Consider n = 6 and suppose that D is a (321)-
factorisation. Then D is also a u-factorisation for u € {(33), (411), (42), (51)}.
Now D is a A-factorisation where A = (411), but we also have that D is a u-
factorisation where y = (33); but A and y are incomparable in the dominance
order.

Theorem 6.3.1 gives divisibility constraints on the indices reminiscent of the
arithmetic conditions on the parameters of block designs.

Theorem 6.3.3. Let A,y +— n with u™> A and & #+ D < Sy, /By, be a A-factorisation
of index c). Then D is a y-factorisation of index c, where

BN T V1 (C/ P VIO
p= A(zAl—l)!!(zAz—l)!!...'

Hence, (2A1 —1)!1(2A — 1)!! ... divides c)(2p1 — 1)1 (2up — 1) ... forall u > A.

Proof. We count the pairs (m, P) of matchings m € D that refine a set partition
P of shape 2A in two ways. First, we count the number of set partitions of
{1,...,2n} of shape 2A, and then we count the number of set partitions that
one matching m refines.

Denote by m; the number of parts of A of size i. Then the number of set
partitions of shape 2A is

(2n)!
[T (2i)mim;!

i>1,m,->0
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because the parts of a set partition of shape 2A have even size and the parts of
size 2i are stabilised by the wreath product 55; 1 Sy,.

Now consider any perfect matching m. Counting the number of set partitions
that m refines comes down to counting in how many ways the n edges of m
can be grouped into parts according to A. We find that there are

n!

H i!Mim;!

i=1,m;>0

set partitions of shape 2A that m refines. Hence, double counting the pairs
(m, P) of matchings m € D that refine a set partition P of shape 2A, we obtain

(2n)! n!
=D
N @ymt P T
i=1,m;>0 i=1,m;>0
~ (2n)! it \™
<:>‘D‘ =C) l 1_[ W .
i=1,m;>0

Now (2n)!/n! = 2"(2n — 1)!! and i!/(2i)! = 1/(2/(2i — 1)!1). In the product, we
find the factors 2. Because of ;. im; = n, the powers of 2 cancel and we
can rewrite the product as
IA) 1
Dl =c)Cn—-D"| | -5—-

By Theorem 6.3.1, we find that D is also a u-factorisation, so we can also
compute the size of D in terms of y. Equating both counts gives

1) W
H — _ I -
H 2)\1 BRI ACUR E 2ui — !

2~ 112~ ).
QA —DI(2A, — DI

= Cy =Cj)
Since ¢y, is an integer, the result follows. O
The formula in Theorem 6.3.3 also reveals a simple way to obtain the size of

a A-factorisation D of index c, (that is, use y = (n)):

(2n — 1)1

D[ = ca 2A1 - D12A, — D).

(6.2)

The following is a simple yet powerful special case of Theorem 6.3.3.

Corollary 6.3.4. Let A = n, A # (n), and let D # & be a A-factorisation of index c,.
If k, 1 with k < I are distinct parts of A (which may be the same if A has multiple parts
of the same size), then 2k — 1 divides (21 + 1)c,. In particular, if D is of index 1, then
2k — 1 divides 21 4 1.
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Proof. Write A = AU (I,k) and let u = Ay (I+1,k—1). Then we have A < u.
Now use Theorem 6.3.3 to find that
2k —1) - 111 +1) — 1)1 20 +1

AT k@) %k -

This severely restricts the possible partitions A such that a A-factorisation of
index 1 exists. Applying Theorem 6.3.3 to partitions with two parts, we get
the following:

Corollary 6.3.5. Let t <n/2and & # D < Sy, /By, be an (n — t, t)-factorisation of
index cy. Then D is an (n —t 4+ 1,t — 1) factorisation of index c;_1 where

o 22mn-2t+1 2
R T T

Proof. Use Theorem 6.3.3 with A = (n —t,t)and y = (n —t+1,t — 1), which

satisfy u > A. O

Notice that c;_; is an integer if and only if 2t — 1|¢; - 2n. This gives the
following non-existence result.

Corollary 6.3.6. For every n > 4, an (n — 2,2)-factorisation of index coprime to 3
(in particular index 1) can only exist if n =0 (mod 3).

Proof. Use Corollary 6.3.5 for t = 2. O

Note that Corollary 6.3.5 can be applied repeatedly. That is, an (n —t,f)-
factorisation is an (n — s, s)-factorisation for every s = t —1,t —2,...,1. For
example, an (n — 3, 3)-factorisation of index 1 (where n > 6) is an (n —2,2)-

factorisation of index 2”5_ 2 son =0 (mod 5). Now an (n — 2,2)-factorisation
of index 2”5_ 2 is an (n — 1,1)-factorisation of index @ : 2”3_ 3, s0 (2n—5)(2n —

3) = 0 (mod 3), hence n = 0,1 (mod 3). So an (n — 3,3)-factorisation of
index 1 can only exist if n = 0,10 (mod 15). In general, we get the following
divisibility criteria.

Theorem 6.3.7. Let t < n/2. If an (n — t, t)-factorisation of index 1 exists, then
(2t—1)(2t=3)...(2k+1) divides (2n— (2t —1))(2n — (2t —3))...(2n — (2k+1))
for every k =t —1,t—2,...,1. Equivalently,

2(n —k) — 1)11(2k — 1)1
Q2(n—1t) — )12t — 1)

is an integer for every k =t —1,t -2,...,1.

Proof. Apply Theorem 6.3.3 or Corollary 6.3.5 to the chain (n —t,¢) I (n —t +
L,t—-1)<4...<d(n-2,2)<(n—-1,1). O
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Note that Theorem 6.3.7 also holds in the case k = 0 but the resulting
divisibility condition is a weaker version of the divisibility condition for k = 1.

For many combinatorial objects, there exists a process called derivation
that builds smaller objects from bigger ones. This is also the case for A-
factorisations.

Definition 6.3.8. Let A — n, A # (n), and D be a A-factorisation. Let k be a
partof A and S < {1,...,2n} be a set of size 2k. For a perfect matching m € D,
we write m\ S for the set of edges of m that are disjoint from S. Then the set

Dg = {m\ S | m refines {S, [2n]\S}}
is called the derivation of D at S.

Example 6.3.9. Consider an (n — 2,1, 1)-factorisation D of index ¢ and let
e = {2n —1,2n} be an edge of Ky,. Then we consider all matchings m € D
that contain e and remove the edge e from all of them. Hence, the perfect
matchings m\ e € D, are perfect matchings of Ky(,_1) (on the set [2(n —1)]).

Now let f be any edge of Ky(,_1). Since D is an (n — 2,1, 1)-factorisation of
index c, there are precisely ¢ matchings m € D that contain both the edge ¢
and the edge f. By definition, a matching m € D containing e and f gives rise
to an edge m \ e containing f. So we find that there are precisely ¢ matchings
containing f and D, is an (n — 1, 1)-factorisation of index c.

The following theorem is immediate.

Theorem 6.3.10. Let A - n, A # (n), and D be a A-factorisation of index c. Let k
be a part of A, let S < [2n] be a set of size 2k and write A = A U (k) for a partition
A+ n — k. Then the derivation Dg is a A-factorisation of index c.

Proof. Without loss of generality, we can assume that S = {2(n —k) +1,...,2n}
(otherwise, permute the elements of [21] suitably). Consider the set Ps of all
set partitions of [2n] of shape 2A that contain S. We find

Ps={SuUP|Pisaset partition of [2(n — k)] of shape 2M}).

Now let P be any set partition of [2(1 — k)] of shape 2A. Then S U P € Ps and
S U P has shape 2A. Since D is a A-factorisation, there are exactly c perfect
matchings m € D that refine S U P. All matchings m € D that refine a set
partition of Ps also refine the set partition {S, [2n]\ S} and thus give rise to
elements m \ S of Dg. Hence, there are exactly ¢ perfect matchings i € Dg that
refine P and Dgis a A-factorisation of index c. O

For two partitions A, u, we write p < A if every part of y is a part of A. Then
Theorem 6.3.10 implies the following.
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Corollary 6.3.11. Let A — n and D be a A-factorisation of index c. Then there exist
u-factorisations of index c for every partition u < A.

Proof. Use derivation multiple times. O

Corollary 6.3.11 implies that if a A-factorisation of index ¢ does not exist,
then there is no u-factorisation of index c where all parts of A turn up as parts
of u. Thus, knowledge of the existence or non-existence of A-factorisations
where A - n with small n gives insight into the existence for bigger values
of n. For example, we can generalise a result of Cameron [12, Theorem 7.6]
and Mathon [48] that there is no 2-(2, 8) partition system.

Corollary 6.3.12. Let n > 4. There is no (2,1,...,1)-factorisation of index 1. In
particular, there is no (n — 2)-(2,2n) partition system.

Proof. By Cameron [12, Theorem 7.6] and Mathon [48], there is no (211)-
factorisation of index 1. Now the result follows from Corollary 6.3.11. ]

Alternatively, the theory of symmetric functions can be used for a longer
proof of Corollary 6.3.12. We present it here, because it also shows that there
is a Krein parameter of the association scheme on perfect matchings that is
guaranteed to be 0, and this is of independent interest.

Example 6.3.13. Let S be a putative (2,1,...,1)-factorisation of index 1. By
Theorem 6.2.4, the dual distribution of S is of the form (|S|,0,...,0,x) with
only two non-zero entries. The coordinate of the dual distribution indexed by
the trivial partition (1) is equal to |S| and the other non-zero entry is a positive
rational number x that appears in the coordinate indexed by the partition
we=1(1,1,...,1).

For subsets with a dual distribution of this special form, the Krein parameter
qﬁy carries valuable information. It was shown in [4, Corollary 1.5] that if
qﬁy = 0, then S consists of precisely half of the elements of the association
scheme. But for the perfect matching association scheme, this is a contradiction
because there is an odd number of perfect matchings of K3,. Hence, showing
qﬁy = 0 implies that there is no (2,1, ..., 1)-factorisation of index 1.

We now use the formula given in [5, Theorem 3.6 and 3.5(i)] to calculate
the Krein parameter. The valency k, of the perfect matching scheme is the
size of the p-sphere (),. This is the size of the double coset B,,x, B, of type p.
By [45, Ch. VII (2.3)], we find that the size is given by the formula |B,|*z;, pl
where z, is a non-zero number whose exact value need not concern us. The
eigenvalue P,(p) of the perfect matching scheme is given by the formula
Pyu(p) = kpwg (which follows from a general result about Gelfand pairs, see
[27, Lemma 13.8.3]).



6.3 COMPARISON OF DESIGNS

We will use the relation = to denote ‘up to a non-zero scalar’. Using the
formula for the value of the zonal spherical function w},l""’l)

Ch. VII Ex. 2(b)], we find

1 2
t= 3 o (Pul) = ko (@) = Dz ol (wft)

given in [45,

pFn P pn pn
3 2y lwf <(1>’”("))2 3 2t 1
= Zyywp | e | = Zyy Wp T s
=, £ 2n—1(p) =, £ 22n=2I(p)
_ 1 (1) g1
=4”Zzzpwp ). 4l
prn
=c(,.1)4)

The last step follows from [45, Ch. VII Ex. 2(c)]. Here,

aX)= [ x-i+2i-1)
(i,j)er
is the content polynomial (see [45, Ch. VII (2.24)]). For the partition p = (1,...,1),
we find

n

ca.X) =] [(X—i+1).

i=1

Clearly, we have c(;, 1y(4) = 0 for all n > 5. Hence qﬁy =0foru=1(1,...,1).

Jeees

Table 6.1 gives explicit constraints that follow from Theorem 6.3.7 and
Corollary 6.3.11 for A-factorisations of index 1 where A has few and small
parts.

Remark 6.3.14. A near-perfect matching is a matching in a graph where all but
one vertex are matched, and the graph must have an odd number of vertices.
We can define A-factorisations for a complete graph on an odd number of
vertices, say 2n — 1, by considering only the partitions A - 2n — 1 that have
exactly one odd part. Every such partition extends uniquely to a partition
A + 2n that only has even parts. Likewise, every near-perfect matching of
Kj,—1 extends uniquely to a perfect matching of Kj,. Conversely, deleting
the element 2n of a set partition of {1,...,2n} with only even parts (resp. a
perfect matching) leaves a set partition with exactly one odd part (resp. a near-
perfect matching). Thus, there is a bijection between near-perfect matchings
of Ky,—1 and perfect matchings of Ky, and the corresponding A-factorisations
are essentially the same structures.

We could use similar techniques from the theory of association schemes to
study near-perfect matchings of Ky,_1. Indeed, we obtain a natural association
scheme from the Gelfand pair (Sy,_1, B,—1) where B,_; is the centraliser of
(12)(34)---(2n —32n — 2). See [41, Section 11] for more.
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A Constraints

n—-t1,...,1) t#n-2

n—1,1) none, always exists

(n—2,2) n=0 (mod 3)

(n—3,3) n=0,10 (mod 15)

n-3,2,1) n=1 (mod 3)

(n—4,4) n=0,21 (mod 35)

(n—4,3,1) n=1,11 (mod 15)

(n—4,2,2) does not exist

(n—4,2,1,1) does not exist

(n—>5,5) n=0,36,126,162,225,252 (mod 315)

Table 6.1: Criteria for the existence of A-factorisations of index 1 for some A.

6.4 EXAMPLES FOR SMALL n

In this section, we give an overview of the existence of A-factorisations of
index 1 for small values of n.

The first case is n = 3. The partitions of 3 are (3), (21) and (111), with
the only non-trivial partition being A = (21). An (n — 1,1)-factorisation of
index 1 is a 1-factorisation (see Example 6.2.2), and so exists. For n = 4,
we have A € {(1111), (211), (22), (31), (4)}, where again (4) and (1111) are the
trivial partitions that are not interesting. The case A = (31) corresponds to
1-factorisations so it is also not interesting. Corollary 6.3.4 shows that there
is no example for A = (22). It was shown by Cameron [12, Theorem 7.6] and
Mathon [48] that there is no example for A = (211).

For n = 5, the partitions are totally ordered in the dominance order:
(11111) < (2111) < (221) < (311) < (32) < (41) < (5). By Corollary 6.3.4, a A-
factorisation of index 1 does not exist for A € {(221), (32)}. By Corollary 6.3.11,
a (2111)-factorisation of index 1 does not exist. Again, a (41)-factorisation
of index 1 is a 1-factorisation (and so exists), and a (311)-factorisation is a
hyperfactorisation, which exists in this case (see Example 6.2.3).

Now suppose n = 6. We can immediately rule out A-factorisations of index 1
for A € {(2211), (222), (321), (33)} with a simple application of Corollary 6.3.4.
Corollary 6.3.12 rules out A = (21111). So the only non-trivial partitions of 6
that remain are (3111), (411), and (42). A (411)-factorisation of index 1 is
equivalent to an abstract hyperoval of order 10. It was shown in [38] that
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such an object does not exist, via an exhaustive computer search. There is an

example of a (42)-factorisation of index 1 which is explored in Example 6.4.1.

To show that (3111)-factorisations of index 1 do not exist, we use the fact
(Theorem 6.3.10) that the derivation of a putative example would yield a
hyperfactorisation of Kjg, and we know there are only two examples (up
to isomorphism). So we construct the two examples, extend them to sets of
perfect matchings of K (by adjoining {11,12} to each matching), and then
we use a constraint satisfaction solver such as Gurobi [28] to show that there is
no (3111)-factorisation whose derivation is the given hyperfactorisation. The
GAP code is attached as an appendix (see a.2), where we make use of the

package Gurobify [39].

o
A Exists? B:,‘jjj
(21111) No, Corollary 6.3.12 /HHID .
(2211)  No, Corollary 6.3.4 ﬁjjj - £
(222) No, Corollary 6.3.4 — EEP I %
(3111)  No (by computer) e Eﬂ -
(321) No, Corollary 6.3.4 \
(33) No, Corollary 6.3.4, Theorem 6.3.7 Ej
(411) No, [38] |
(42) Yes
(51) Yes E

Table 6.2: The case n = 6. On the right is the dominance Hasse diagram of the
partitions of 6. On the left is the existence data for A-factorisations of
index 1.

Example 6.4.1. Here, we give an example of a (42)-factorisation. First, we
let AGL(1,11) be the stabiliser of o under the action of PGL(2,11) on the
projective line PG(1,11). Let 1F1D1 be the set of non-zero squares in the finite
field IFq; of order 11. Consider the following two perfect matchings on the 12
points of the projective line PG(1,11) = Fq; u {o0}:

{0, 0} u {{x, —x} | x e F},  {{0,00}} U {{x,7x} | x € Fpy)

Then the orbits of AGL(1,11) on these perfect matchings are orbits of size 11
and 22, respectively. Their union forms a (42)-factorisation of index 1. Note
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that this example is very much related to the Steiner system with parameters 5-
(12,6,1) — the small Witt design. If we take the subset {0} U lFlml of the projective
line PG(1,11) and its orbit under PSL(2,11), then we have 132 subsets of size 6
such that any 5 points lie in a unique block.

We failed to generalise this example to more than this one example, despite
the large amount of symmetry that this example possesses. It would be
interesting to find A-factorisations admitting AGL(1,q) as automorphisms,
where 2n = g + 1.

For n = 7, we can again apply Corollary 6.3.4 and Corollary 6.3.12 to show
that most of the A-factorisations of index 1 do not exist. The only non-trivial
partitions to consider are (421) and (511). A (511)-factorisation of index 1
is a hyperfactorisation of K4 of index 1. To our knowledge, it is unknown
whether such a hyperfactorisation exists. If it were to exist, then it would also
give rise to a 5-design on 14 points with block size 6 and index 15 (see [8,
p- 10]). We emphasise that this 5-design would have repeated blocks as the
complete design on 14 points with block size 6 is a 5-design of index 9. There
is a 5-design on 14 points with block size 6 and index 3 due to Brouwer [10]
that does not have repeated blocks. The 5-design obtained from a hypothetical
(511)-factorisation of index 1 could be a 5-fold copy of the design by Brouwer.
Finally, we could not determine by computer or otherwise whether a (421)-
factorisation of index 1 exists or not.

For n = 8, after applying Corollary 6.3.4 and Corollary 6.3.12, we are left
with non-trivial A-factorisations of index 1 with A € {(5111), (611)}. Again, we
do not know whether these partitions have examples or not. One can see a
pattern emerging here where the possible valid partitions have relatively small
length. This is because many A-factorisation of index 1 for small 7 do not exist.
By Corollary 6.3.11, no A-factorisation of index 1 can exist if a A-factorisation
of index 1 for some A < A does not exist. For example, by Corollary 6.3.12, no
A-factorisation of index 1 can have (211) among its parts (for any n).

Finally, for n = 9, we have an example of a hyperfactorisation of index 1
of Kig from Cameron’s construction, and so the case A = (711) turns out
to have an example. So the remaining partitions where we do not have a
resolution to the existence question are (51111), (6111), (72).

6.5 CODES

In this section, we briefly look at codes of perfect matchings. We will see
that there is a natural notion of a d-code in the perfect matching association
scheme.
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It is well-known that the permutations of n elements are in bijection with
perfect matchings of the complete bipartite graph K, ,,. The fixed point dis-
tance of two permutations (see Section 4.2) translates to perfect matchings
nicely because common fixed points correspond to common edges of perfect
matchings. We can transfer this idea to the non-bipartite case.

Let us first define a metric on perfect matchings. We can think of perfect
matchings of Ky, as (unordered) set partitions of shape (2,...,2). Write M»,
for the set of all perfect matchings of Kj,. For two elements m, m € Mp,, we
have that m n i is the set of edges of K3, that are contained both in m and .

Lemma 6.5.1. Let n € IN. Then the map
d: Moy, x Moy, —{0,...,n}, dim,m) =n—|mn |
for every m, m € Moy, is a metric on Moy,.

Proof. Let m,m € My, be two perfect matchings. It is clear that d > 0,
dim,m)=0 < m=mand d(m,m) = d(m, m).

Now let x,y,z € My, be perfect matchings with d(x,z) = k. Then x and z
have precisely n — k edges in common. We consider the sum d(x,y) + d(y, z).
There are n edges in y and each edge contributes 0, 1 or 2 to the sum (de-
pending on whether it is contained in x and z, exactly one of them or none of
them). There are exactly n — k edges contained in both x and z, so no more
than n — k edges of y can contribute 0 to the sum d(x,y) + d(y, z). Hence, there
are at least k more edges in y, each contributing at least 1 to d(x,y) + d(y, z),
SO

dx,y)+d(y,z) =k =d(x,z)
as desired. O

As is customary, we call a non-empty set C = My, a d-code if d(m,m) > d
for every distinct elements m, m € C. Notice that just as with permutations,
there are no perfect matchings that have distance precisely 1.

Recall that we have r(m, n1) = p if the disjoint union m U m consists of cycles
of length 2u. It is clear that the 1s in y correspond to common edges of m
and . Hence, we find that if »(m,m) = y, then

d(m,m) = n —number of Isin y = n — (U] — p5).
It follows that
dim,m) <d <= n—(u)—py) <d < yj—us >n—d.

/

Note that m = m if and only if p = (1"), so p} — p5 = n. This immediately
gives the following characterisation using the inner distribution.
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Theorem 6.5.2. Let n € N and 1 < d < n. Let C = My, be a non-empty set of
perfect matchings with inner distribution a. Then

C is a d-code <=>ap,:Oforeveryyknwithn—dJrléy'l—y’z<n.

Notice that the size of a (d — 1,1"%*1)-factorisation of index 1 is an upper
bound for the size of a d-code. If C = My, is a d-code, then for any set of
n —d + 1 independent edges of Ky, there can be at most 1 element in C that
contains all these edges (otherwise, there would be two distinct matchings at
a distance of at most d — 1). Equality holds if and only if C is a (d — 1, 1"~%+1)-
factorisation of Ky, of index 1. We have already seen this relation between
cliques and designs in the generalised symmetric group in Theorem 5.4.5.

We summarise our observations in the following theorem.

Theorem 6.5.3. Let n € IN, let 1 < d < n and let C = My, be a d-code. Then

M:(2n—1)~(2n—3)~...-(2d—1).

< G

Equality holds if and only if C is a (d — 1,1"~%+1)-factorisation of index 1.

Proof. The size of a (d — 1,1"~%*1)-factorisation can be obtained using Equa-
tion (6.2) with A = (d —1,1774+1), O

Compare this to the upper bound of n!/(d — 1)! for permutation codes from
Theorem 4.2.3.

Note that it follows from Corollary 6.3.12 that for n > 4, there is no 3-code
C < My, that achieves equality in Theorem 6.5.3 because such a code would
be a (2,1"2)-factorisation of index 1.

There are many questions one can ask about codes of perfect matchings.
Their similarities and connections to permutation codes make a practical

application likely.

6.6 OPEN PROBLEMS

We list some open problems for further research that the reader might be
interested to work on. We expect that they are roughly ordered increasing in
difficulty.

(1) Can we construct more (n — 2,2)-factorisations that are not also hyper-
factorisations like Example 6.4.1? Is there an infinite family?

(2) Can we construct any non-trivial (n — 3, 3)-factorisation? Since this would
also yield an (n — 2,2)-factorisation by Theorem 6.3.1, one should inves-
tigate (n — 2,2)-factorisations first.
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(3) Can we construct any non-trivial (n — 3,1, 1, 1)-factorisation?

(4) Can we investigate similar questions for the coset algebra S, / (Sx 1 S»)
of uniform set partitions? Since this is not a Gelfand pair for k > 3, a
different approach is needed.






APPENDIX

A1 A SHARPLY TRANSITIVE SUBSET OF C2 { 55

Here, we give an explicit example of a 2-design Y of index 1 (that is a sharply
(311)-transitive set) in the group C, ! Ss. It is neither a subgroup nor a coset
of a subgroup. In fact, the group generated by Y is the full group Cy1S5. We
write the elements that the group actsonas 1,1, 2,2, 3, 3, 4, 4, 5, 5.

We can write our set Y as Y = RH where R is a set of 20 elements and
H is a set of 4 elements. For better readability, we give the generalised
permutations in one line notation. That is, we write down the sequence
(0(1),0(2),0(3),0(4),0(5)) for the permutation ¢. From the definition of the
hyperoctahedral group, it follows that if c(x) = y, then o(x) = ¥, so the one
line notation contains all information about the generalised permutation.

H ={12345, 12345, 13254, 13254}
R ={12345, 14523, 12354, 14532,
21435,23514, 21453, 23541,
31524, 32415, 31542, 32451,
41325, 42513, 41352, 42531,
51234,53412,51243,53421}

This transitive set cannot come from the construction of Proposition 5.7.1
because there is no orthogonal array of strength 2 over the alphabet {0, 1} with
5 columns and index 1.

To see this, assume that A was such an array. Without loss of generality, we
can assume that the first row of A is 00000 and the first two columns of A are
00, 01, 10 and 11. That is

0000

- = O O

1
0
1

Now notice that because of the first column, every entry in row 2 other than
the first entry has to be 1 (otherwise, 00 would appear twice). For the same
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reason, because of the second column, every entry in row 3 other than the
second entry has to be 1. But then columns 3 and 4 contain 11 twice. Hence,
there cannot be such an orthogonal array.

The following GAP code can be copied into GAP to quickly construct the
set Y. Note that the group C;1 S5 is represented here as a subgroup of Sy
under the identification

{1,2,3,4,5} < {1,3,5,7,9} and {1,2,3,4,5} < {2,4,6,8,10}.

Further, note that composition of permutations in GAP is left to right. That is,
constructing HR in GAP gives the set that we denote by RH.

H:=[ (), ( 3, 4)(5, 6)(7, 8)(9,10), (3, 5)(4,6)(7, 99( 8,10), (
3, 6)( 4,5 (7,10)(8, 9)1;;
R:=[ (), (3,7)(4,8)(5,9)(6,10), (1,2)(5,6)(7,9,8,10),
(1,2)(3,7,5,10)(4,8,6,9), (1,3)(2,4)(5,7,6,8),
(1,3,5,9,8,2,4,6,10,7), (1,4,2,3)(5,8,10,6,7,9),
(1,4,6,9,2,3,5,10)(7,8), (1,5,9,7,4,2,6,10,8,3),
(1,5,7)(2,6,8)(9,10), (1,6,9,3)(2,5,10,4), (1,6,7,10)(2,5,8,9),
(1,7,3)(2,8,4)(9,10), (1,7,2,8)(5,9,6,10),
(1,8,9,4,2,7,10,3)(5,6), (1,8,5,10,2,7,6,9), (1,9,8,6,4,2,10,7,5,3),
(1,9,4,6,8)(2,10,3,5,7),
(1,10,5,4,2,9,6,3)(7,8), (1,10,2,9)(3,5,8)(4,6,7)1;;
Y:=Union(List(R, r->Hxr));

A.2 GAP CODE

Here, we give the GAP code that was used to rule out the existence of a
(3111)-factorisation of index 1 of K.

# First, we construct the two hyperfactorisations of K_{10}
n :=5;

s2n := SymmetricGroup(2x*n);

matching := List([1l..n], i -> [2*xi-1,2%1i]);

matchings := Set(Orbit(s2n, matching, OnSetsSets));;

perm := Action(s2n, matchings, OnSetsSets);;
maxs := MaximalSubgroupClassReps(perm);;
s9 := First(maxs, t -> Size(t)=Factorial(9));

IsSymmetricGroup(s9);

maxs := MaximalSubgroupClassReps(s9);;

m := First(maxs, t -> Size(t)=432);

subgroup216 := MaximalNormalSubgroups(m)[1];

orbits := Filtered(Orbits(subgroup216), t -> Size(t)<=63);;



A.2 GAP CODE

Sort(orbits, {x,y} -> Size(x) > Size(y));

# Both examples below are equivalent to Mathon’s example
0l := Union(orbits{[1,31});;

02 := Union(orbits{[2,3]1});;

psl := PSL(2,8);
iso := IsomorphismGroups (SymmetricGroup(9),s9);;
psl_on_matchings := Image(iso, psl);

# This example arises from a hyperoval of PG(2,8)
# Cameron’s example
03 := First(Orbits(psl_on_matchings), t -> Size(t)=63);;

# Now extend each one with [11,12] to get a partial configuration
extensions := List([matchings{ol},matchings{o3}], mm ->
List(mm, t -> Concatenation(t,[[11,12]11)));;

# now change n and set up the Gurobi program
LoadPackage("gurobify");
n :=6;
s2n := SymmetricGroup(2x*n);
matching := List([1l..n], 1 -> [2*xi-1, 2xi]);
matchings := Set(0Orbit(s2n, matching, OnSetsSets));;
perm := Action(s2n, matchings, OnSetsSets);;
lambda := [3,1,1,1];
# one set partition of shape 2xlambda
p :=[]; max := 0;
for s in 2xlambda do
Add(p, max + [1..s]);
max := Maximum(Union(p));
od;
refines := {x,y} -> ForAll(x, t -> ForAny(y, u -> IsSubset(u,t)));
cp := Filtered(matchings, t -> refines(t,p));;
antidesignl := SubsetToCharacteristicVector(cp, matchings);;
# These are the antidesigns, as 0,1l-vectors.
# We seek a set that intersects each antidesign in precisely
# 1 element.
antidesigns := Orbit(perm, antidesignl, Permuted);;

for 1 in [1,2] do

Print("Doing example ", i, "\n");
ext := extensions[i];
varnames := List([1l..Size(matchings)], i -> Concatenation("x",

String(i)));;
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vartypes := ListWithIdenticalEntries( Size(varnames), "Binary" );;
model := GurobiNewModel(vartypes, varnames);;

# constraint: meets each antidesign in 1 element

GurobiAddMultipleConstraints(model,antidesigns,
ListWithIdenticalEntries(Size(antidesigns),"="),
ListWithIdenticalEntries(Size(antidesigns),1));

# constraint: derives to known hyperfactorisation
GurobiAddConstraint(model,

SubsetToCharacteristicVector(ext,matchings), "=", 63);
status := GurobiOptimiseModel(model);

if status = 3 then
Print("no example found\n");
else
Print("something else has happened\n");
fi;
od;
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